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Many real-world predictions problems .
ant disease
ave ordered labels i

Resistance
1 Resistance Rolling of leaves in case of
primary infection and lower
leaves in case of secondary
infection, erect growth
2 Moderately Rolling of leaves extending,
Resistance leaves become stiff and leathery,
stunting of plants and erect

Damage assessment wrowth

3 Moderately Short internodes, papery sound of
Classification of damage to masonry buildings Susceptible leathery leaves, I'Ollillg and
CUStOI ner I‘EViEWS Cm(:f, lsirlcti]::l:::,::gm o stunting of whole plants. Young
T e oY \ slight non-structural damage) buds are Sllghﬂy yellowish and
w \,_\' ) ¢ \,_\( ) 4 out Of 5 Hair-line cracks in very few walls, purphsh
FAllof B/ plorcs Ot plaster 00y, 4 Susceptible Clear rolling of leaves, severe
. Fall of loose stones from upper parts of .
11 global ratings i e Bwonses stunting, few tubers and tuber
Grade 2: Moderate damage Nnecrosis
i (slight structural damage, moderate 1
5star | | 57% gt 5 Highly . All above symptoms and small
: S Susceptible number of small sized tubers.
‘racks in many walls.
0 Fall of fairly large pieces of plaster.
4 star N 20 /O Partial collapse of chimneys.
Grade 3: Substantial to heavy damage
3 star 00/0 (moderate structural damage, FR— T
heavy non-structural damage)
Large and extensive cracks in most walls. | " . . . .
slam, M. U, et al. "Screening of potato germplasm against RNA viruses and their
0 iles ; ’ ’
2star | 12% Roof tles detack. Chinineys factime at fhe identification through ELISA." J Green Physiol Genet Genom 1 (2015): 22-31.
roof line; failure of individual non-struc-
pr— tural elements (partitions, gable walls).
0
1 Star l__ 1 2 /0 Grade 4: Very heavy damage
(heavy structural damage,
very heavy non-structural damage)
Serious failure of walls; partial structural
failure of roofs and floors.
Grade 5: Destruction
(very heavy structural damage) - - -
Likert scale for customer satisfaction

(+) Positive

C red it ri S k ra‘t i n g https://emergency.copernicus.eu/mapping/ems/damage-assessment

SPECIAL SUB-
N e e —
1 2 3 4 5 6 7 8 9

Strongly
Agree

Disagree

Fargely er?lmal quest Bankable Addltl.on- Criticized Classified Classified Classified
risk free risk risk al review

|
A Disagree
i
|

(-) Negative

https://www.abrigo.com/blog/how-to-create-a-credit-risk-rating-system/

https://www.questionpro.com/blog/ordinal-scale/
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Ordered labels? Tell me more!



How do ordered (ordinal) labels differ from conventional class labels



Ordered labels? Tell me more!

Classification

Setosa Versicolor Virginica

No ordering



Ordered labels? Tell me more!

Classification

No ordering



Ordered labels? Tell me more!

Classification Regression

+49

1 Setosa 2 Versicolor 3 Virginica 1 2 3

No ordering



Ordered labels? Tell me more!

Classification Regression

*4 4

1 Setosa 2 Versicolor 3 Virginica 1 2 3

No ordering



Ordered labels? Tell me more!

Classification Regression

*4 4

1 Setosa 2 Versicolor 3 Virginica 1 2 3

No ordering |dentical distances
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Ordered labels? Tell me more!

Ordinal regression /
ordinal classification
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Ordered labels? Tell me more!

Ordinal regression /
ordinal classification
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Ordered labels? Tell me more!

Ordinal regression /
ordinal classification
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Ordered labels? Tell me more!

Ordinal regression /
ordinal classification
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Can't we just use regular classifiers
for ordered labels?

15



Can't we just use classifiers
for ordered labels?

Yes, but it is not ideal



It is not iIdeal because all wrong predictions
look equally wrong to a classifier




It is not iIdeal because all wrong predictions
look equally wrong to a classifier

Assume this Is
the true label
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It is not iIdeal because all wrong predictions
look equally wrong to a classifier

Wrong
prediction
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It is not iIdeal because all wrong predictions
look equally wrong to a classifier

Wrong
prediction
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It is not iIdeal because all wrong predictions
look equally wrong to a classifier

Wrong Wrong
prediction prediction
2@ 3 @

~_

Treated equally if we compute the loss in a
regular classifier



It is not iIdeal because all wrong predictions
look equally wrong to a classifier

Wrong
prediction

But this should be
“more wrong”



Many real-world predictions problems .
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Many real-world predictions problems
have

And we can get much better performance using
ordinal regression models rather than regular classifiers
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How? Let's (re)use what we already know:
An extended binary classification framework
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How? Let's (re)use what we already know:
An extended binary classification framework

Input
(Aesthetics dataset)

Possible labels:
Rating 1, 2, 3, 4, 5

Niu Z, Zhou M, Wang L, Gao X, Hua G. Ordinal regression with multiple output CNN for age estimation. CVPR 2016
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How? Let's (re)use what we already know:
An extended binary classification framework

Input
(Aesthetics dataset)

Possible labels:
Rating 1, 2, 3, 4, 5

Any neural network
(CNN, RNN, MLP, ...)

Niu Z, Zhou M, Wang L, Gao X, Hua G. Ordinal regression with multiple output CNN for age estimation. CVPR 2016
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How? Let's (re)use what we already know:
An extended binary classification framework

P(Rating > 1)
P(Rating > 2)
P(Rating > 3)

P(Rating > 4) \

Score between 0 and 1

Input
(Aesthetics dataset)

Possible labels:
Rating 1, 2, 3, 4, 5 Any neural network
(CNN, RNN, MLP, ...)

Niu Z, Zhou M, Wang L, Gao X, Hua G. Ordinal regression with multiple output CNN for age estimation. CVPR 2016
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Input
(Aesthetics dataset)

Possible labels:
Rating 1, 2, 3, 4, 5
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50% probability threshold

P(Rating > 1) mwwmmntnn | Rating > 17— yes/no

Binary classification task

P(Rating > 2) mmmmmmmmns
P(Rating > 3)
P(Rating > 4)

Score between 0 and 1



Input
(Aesthetics dataset)

Possible labels:
Rating 1, 2, 3, 4, 5
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(CNN, RNN, MLP, ...)
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50% probability threshold

P(Rating > 1)
P(Rating > 2)
P(Rating > 3)
P(Rating > 4)

Rating > 17
Rating > 27

yes/no

yes/no

—
N

Rating > 3?7 — vyes/no
—

Rating > 47 yes/no

Each output node is a binary task

+

Predicted ordinal label is
the sum over the yeses + 1
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Problem: rank iInconsistency
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Problem: rank inconsistency
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Niu Z, Zhou M, Wang L, Gao X, Hua G. Ordinal regression with multiple output CNN for age estimation. CVPR 2016
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Addressing the rank inconsistency issue
leads to better predictive performance

Cao, Mirjalili, Raschka (2020)
Rank Consistent Ordinal Regression for Neural Networks with Application to Age Estimation
Pattern Recognition Letters. 140, 325-331, https://www.sciencedirect.com/science/article/pii/S016786552030413X
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Neural network
without rank consistency

Input
(image example from
aesthetics dataset)

Neural network
with rank consistency

Cao, Mirjalili, Raschka (2020)

Rank Consistent Ordinal Regression for Neural Networks with Application to Age Estimation
Pattern Recognition Letters. 140, 325-331, https://www.sciencedirect.com/science/article/pii/S016786552030413X

Rank inconsistency (not ideal)

P(Rating > 1)
P(Rating > 2)
P(Rating > 3)
P(Rating > 4)

50% probability
threshold

P(Rating > 1)
P(Rating > 2)
P(Rating > 3)
P(Rating > 4)

Rank consistency (ideal)
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https://www.sciencedirect.com/science/article/pii/S016786552030413X

Fixing rank inconsistency introduced a
limitation:

weight-sharing constraint restricts the
network's capacity
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Fully connected output layer

Penultimate layer
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Weight-sharing constraint

Cao, Mirjalili, Raschka (2020)

Weight sharing
across i — 1tasks
Rank Consistent Ordinal Regression for Neural Networks with Application to Age Estimation

Pattern Recognition Letters. 140, 325-331, https://www.sciencedirect.com/science/article/pii/S016786552030413X
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Removing the weight-sharing constraint
(while maintaining rank consistency)
leads to even better performance

Shi, Cao, Raschka
Deep Neural Networks for Rank-Consistent Ordinal Regression Based On Conditional Probabilities.
Arxiv preprint, https://arxiv.org/abs/2111.08851

N
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CORN in a nutshell: chain rule for probabilities

Conditional probability:
suppose fk (X[i]) = P (y[i] > 1 ‘ y[i] > rk_l)
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CORN in a nutshell

le for probab

Conditional probability:
suppose fk (X[i]) = P (y[i] > 1 ‘ y[i] > rk_l)

more details in paper)
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(Learned via conditional training subsets;

k=72
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CORN in a nutshell: chain rule for probabilities

Conditional probability:

suppose fk (X[i]) — }3 (y[i] > 1 ‘ y[i] > rk_l)
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CORN in a nutshell: chain rule for probabilities

Conditional probability:

suppose fk (X[i]) — }3 (y[i] > 1 ‘ y[i] > rk_l)
k=72

Apply chain rule for probabilities to obtain unconditional probability:
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r=ovQa Onsistent HANnk Logits

Cao, Mirjalili, Raschka (2020)
Rank Consistent Ordinal Regression for Neural Networks with Application to Age Estimation
Pattern Recognition Letters. 140, 325-331, https://www.sciencedirect.com/science/article/pii/S016786552030413X

Conditional Ordinal egression
for Neural Networks

Shi, Cao, Raschka
Deep Neural Networks for Rank-Consistent Ordinal Regression Based On Conditional Probabilities.
Arxiv preprint, https://arxiv.org/abs/2111.08851
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How do these methods compare?



r<00Q4

How?

Weight-sharing in output layer
(mathematical proof in paper)

47



How?

Weight-sharing in output layer
(mathematical proof in paper)

Chain rule for probabilities
& conditional training sets
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How?

Advantages

Weight-sharing in output layer
(mathematical proof in paper)

* Easy to implement
* Reduced overfitting
* Fast

Chain rule for probabilities
& conditional training sets
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How?

Advantages

Weight-sharing in output layer
(mathematical proof in paper)

Easy to implement
Reduced overfitting
Fast

Chain rule for probabilities
& conditional training sets

Easy to implement
Higher capacity
Better predictive performance

50



Skipping over further mathematical details ...
How do we use this in practice?



Converting a classifier into a CORN model
In 3 lines of code

o PyTorch Lightning

Full examples:
https://raschka-research-group.github.io/coral-pytorch/
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Converting a classifier into a CORN model
In 3 lines of code

More code examples for tabular, text, and image data

o PyTorch Lightning

Full examples:
https://raschka-research-group.github.io/coral-pytorch/
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Converting a classifier into a CORN model

In 3 lines of code

o Y
N,

L/

< =

class NeuralNetwork(torch.nn.Module):

def __init__(self, input_size, hidden_units, num_classes):

super().__intt__ ()

output_layer = torch.nn.Linear(hidden_units[-1],

num classes)

all_layers.append(output_layer)

self.model = torch.nn.Sequential(*all_Llayers)

forward(self, x):
X = self.model(x)
return x

o PyTorch Lightning

Full examples:
https://raschka-research-group.github.io/coral-pytorch/

— Any neural network

(CNN, RNN, MLP, ...)


https://raschka-research-group.github.io/coral-pytorch/

Converting a classifier into a CORN model
In 3 lines of code

o LY
i

YR/

T S

class NeuralNetwork(torch.nn.Module):
def __init__(self, input_size, hidden_units, num_classes):
super().__intt__ ()

output_layer = torch.nn.Linear(hidden units|[-1],
num classes-1)

num classes)

|
all_layers.append(output_layer)

self.model = torch.nn.Sequential(*all_Llayers) Update the number Of CIaSSGS

def forward(self, x):
X = self.model(x)
return Xx

o PyTorch Lightning

Full examples:
https://raschka-research-group.github.io/coral-pytorch/
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Converting a classifier into a CORN model
In 3 lines of code

o LY
i

YR/

T S

class NeuralNetwork(torch.nn.Module):
def __init__(self, input_size, hidden_units, num_classes):
super().__intt__ ()

output_layer = torch.nn.Linear(hidden units|[-1],

num classes) | )

all_layers.append(output_layer)
self.model = torch.nn.Sequentital(*all_Llayers)

forward(self, x):
X = self.model(x)
return Xx

o PyTorch Lightning

Full examples:
https://raschka-research-group.github.io/coral-pytorch/
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Converting a classifier into a CORN model
In 3 lines of code A

: N
) G \-/ =
Py

Y7
XN T A
¥ X/,

\ ! X g, & 'Y \‘\ A :
~.' N\ AR TSN IO TYOC g y | /
\] | N "{ \ S\ AN LU L\ , '..L. /! | f
TR D G D PSP PPN
N\ AN o7 [\l 1S ey \ 71\ / /
| ANVARNV AN VAN e Vv S et by YAV 74A /1 /
| \ X SS9 st o KXAAX | X oy
I\ S Ly LAY \ /

Rating > 17 yes/no

X\ SXT XN fATX ] AA74771 / /
PG RPP EP LN
'S '::‘ } re /I./ ' / ‘ /

yes/no

"N K oSN sA -~ Rating > 2 ?
i Lt N N " < - — y,
y :

X
q[‘..,' »

class NeuralNetwork(torch.nn.Module): Z 4
def __tnit__(self, input_size, hidden_units, num_classes): Wy

.

super().__intit

N
N

* O Rating >3? — yes/no
e —

Rating > 47 yes/no

"Rating > 47 Yes"
implies Rating = 5

output_layer = torch.nn.Linear(hidden units|[-1],

)

num classes)

all_layers.append(output_layer)
self.model = torch.nn.Sequentital(*all_Llayers)

def forward(self, x):
X = self.model(x)
return Xx

o PyTorch Lightning

Full examples:
https://raschka-research-group.github.io/coral-pytorch/

57


https://raschka-research-group.github.io/coral-pytorch/

Converting a classifier into a CORN model
In 3 lines of code

import pytorch_Llightning as pl

class LightningMLP(pl.LightningModule):
def __init__(self, model):
super().__intt__()

def _shared_forward_step(self, batch, batch_idx):

%eatures, true_labels = batch

( 2 ) Replace the standard cross entropy loss

logits = self(features)
Lloss = torch.nn.functitonal.cross_entropy(logits, true_labels)
predicted_labels = torch.argmax(logits, dim=1)

return loss, predicted_labels

o PyTorch Lightning

Full examples:
https://raschka-research-group.github.io/coral-pytorch/
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Converting a Classifier into a CORN Model
in 3 Lines of Code

import pytorch_Llightning as pl

class LightningMLP(pl.LightningModule):
def __init__(self, model):
super().__intt__() from coral_pytorch.losses import corn_Lloss

def _shared_forward_step(self, batch, batch_idx):

features, true_labels = batch  ~ corn_loss(logits, true_labels,
num classes= .model.num classes)
logits = self(features) y : — —

Lloss = torch.nn.functitonal.cross_entropy(logits, true_labels)
predicted_labels = torch.argmax(logits, dim=1)

return loss, predicted_labels

o PyTorch Lightning

Full examples:
https://raschka-research-group.github.io/coral-pytorch/

59


https://raschka-research-group.github.io/coral-pytorch/

Converting a classifier into a CORN model
In 3 lines of code

import pytorch_Llightning as pl

class LightningMLP(pl.LightningModule):
def __init__(self, model):
super().__intt__()

def _shared_forward_step(self, batch, batch_idx):

%eatures, true_labels = batch

logits = self(features)
Lloss = torch.nn.functitonal.cross_entropy(logits, true_labels) g
-(3) Convert logits to classes

predicted_labels = torch.argmax(logits, dim=1)

return loss, predicted_labels

o PyTorch Lightning

Full examples:
https://raschka-research-group.github.io/coral-pytorch/
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Converting a Classifier into a CORN Model
in 3 Lines of Code

import pytorch_Llightning as pl
class LightningMLP(pl.LightningModule):
def __init__(self, model):

Super(s.__init__()

def _shared_forward_step(self, batch, batch_idx):
features, true_labels = batch

logits = self(features) from coral_pytorch.dataset import corn_label from_logits

Lloss = torch.nn.functitonal.cross_entropy(logits, true_labels)

predicted_labels = corn_label _from_logits(logits)

predicted_labels = torch.argmax(logits, dim=1)

return loss, predicted_labels

o PyTorch Lightning

Full examples:
https://raschka-research-group.github.io/coral-pytorch/
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Code

M https://github.com/rasbt/scipy?2022-talk
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Desktop — grid session ssh scipy2022-talk — grid — ssh « python3.9 ~/miniforge3/bin/grid session ssh scipy2022-talk — 99x28

(coral-pytorch) gridai@session:~/scipy2022-talk/src » python main_mlp.py \

>

vV VV VYV VYV

——batch size 16 \

——data_path ../datasets/ \
—-learning_rate 0.005 \
——mixed_precision true \
——num_epochs 40 \

——num_workers 3 \

——output_path ./cement_strength \
—--loss_mode crossentropyl



MAE

-
£
)
\:’, 4

python main_mlp.py \
——batch _size 16 \
-—data_path ../datasets/ \
——learning_rate 0.005 \

——mixed_precision true \
——num_epochs 40 \

——num_workers 3 \

——output_path ./cement_strength \
——1loss _mode corn

1.0 A

0.9 -

0.8 A

0.7 A

0.6

0.5 A

0.4 A

0.3

0.2 -

‘ — train_mae
valid_mae
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Flag

Clear

https://bit.ly/3aCoSeG



https://bit.ly/3aCgSeG

Code

M https://github.com/rasbt/scipy?2022-talk
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N coral_pytorch Q, Search

coral_pytorch H ome 4
Home
Tutorials v

PyTorch Lightning Examples >

Pure PyTorch Examples > /3“ e A :%/,

b &

- e 0 & Qa
Installation N »

Changelog S——
Citing

License

CORAL & CORN implementations for ordinal regression with deep neural networks.

pypi package 1.2.0 python 3

More examples (CNN, RNN, MLP):

https://raschka-research-group.github.io/coral-pytorch/
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EXPERT INSIGHT

‘e python™

Machine
Learning

with PyTorch
and Scikit-Learn

Develop machine learning and deep learning
models with Python

PyTorch book of the bestselling and widely
acclaimed Python Machine Learning series

Foreword by:
Dmytro Dzhulgakov
PyTorch Core Maintainer

Sebastian Raschka
Yuxi (Hayden) Liu
Vahid Mirjalili

Packt

Feb 25

https://sebastianraschka.com/books/

https://github.com/rasbt/machine-learning-book



https://github.com/rasbt/machine-learning-book
https://sebastianraschka.com/books/

Contact

@rasbt
M sebastian@lightning.ai

https://sebastianraschka.com

Code & slides

M https://github.com/rasbt/
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Converting a Classifier into a CORAL Model
in 4 Lines of Code

o PyTorch Lightning

Full examples:
https://raschka-research-group.github.io/coral-pytorch/

/6
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Converting a Classifier into a CORAL Model
in 4 Lines of Code

o LY
i

YR/

T S

class NeuralNetwork(torch.nn.Module):
def __init__(self, input_size, hidden_units, num_classes):
super().__intt__ ()

output_layer = torch.nn.Linear(hidden_units[-1],
num classes)

all_layers.append(output_layer)
self.model = torch.nn.Sequentital(*all_Llayers)

forward(self, x):
X = self.model(x)
return Xx

o PyTorch Lightning

Full examples:
https://raschka-research-group.github.io/coral-pytorch/

’r’
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Converting a Classifier into a CORAL Model
in 4 Lines of Code

o LY
i

YR/

T S

class NeuralNetwork(torch.nn.Module):
def __init__(self, input_size, hidden_units, num_classes):
super().__intt__ ()

output_layer = torch.nn.Linear(hidden_units[-1],
num classes)

all_layers.append(output_layer)
self.model = torch.nn.Sequentital(*all_Llayers)

forward(self, x):
X = self.model(x)
return Xx

o PyTorch Lightning

Full examples:
https://raschka-research-group.github.io/coral-pytorch/
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Converting a Classifier into a CORAL Model
in 4 Lines of Code

900

class NeuralNetwork(torch.nn.Module):
def __init__(self, input_size, hidden_units, num_classes):
super().__intt
from coral_pytorch.layers import CorallLayer

. : . output layer = CoralLayer(size_in=hidden_units]|- 4
output_layer = torch.nn.Linear(hidden_units[-1], | Bt by ’ yer( — = (=11 / 1
num_classes=num_classes) \
num classes)

all_layers.append(output_layer)
self.model = torch.nn.Sequentital(*all_Llayers)

def forward(self, Xx):
X = self.model(x)
return Xx

o PyTorch Lightning

Full examples:
https://raschka-research-group.github.io/coral-pytorch/
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Converting a Classifier into a CORAL Model
in 4 Lines of Code

import pytorch_Llightning as pl

from coral_pytorch.losses import coral_loss
class LightningMLP(pl.LightningModule): from coral_pytorch.dataset import levels_from_labelbatch
def _init_ (self, model): from coral_pytorch.dataset umport proba_to_label
super().__intt__()

def _shared_forward_step(self, batch, batch_idx): levels = levels from labelbatch(

true_labels, num_classes=self.model.num c
loss = coral_loss(logtits, levels)

%eatures, true_labels = batch

logits = self(features)
Lloss = torch.nn.functitonal.cross_entropy(logits, true_labels)
predicted_labels = torch.argmax(logits, dim=1)

return loss, predicted_labels

o PyTorch Lightning

Full examples:
https://raschka-research-group.github.io/coral-pytorch/
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Converting a Classifier into a CORAL Model
in 4 Lines of Code

Lol ;
o A

import pytorch_Llightning as pl

from coral_pytorch.losses import coral_loss
class LightningMLP(pl.LightningModule): from coral_pytorch.dataset import levels_from_labelbatch
def _init_ (self, model): from coral_pytorch.dataset import proba_to_label

Super(s.__init__()

def _shared_forward_step(self, batch, batch_idx):

%eatures, true labels = batch Llevels = levels from labelbatch(

true_labels, num_classes=self.model.num ¢

logits = self(features) Lloss = coral_loss(logits, levels)

Lloss = torch.nn.functitonal.cross_entropy(logits, true_labels)
predicted_labels = torch.argmax(logits, dim=1) predicted_labels = proba_to_label(torch.sigmold(logits))

return loss, predicted_labels

o PyTorch Lightning

Full examples:
https://raschka-research-group.github.io/coral-pytorch/
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CORAL Performance

Table 1. Age prediction errors on the test sets. All models are based on the ResNet-34 architecture.

Method Random MORPH-2 AFAD CACD
Seed MAE RMSE MAE RMSE MAE RMSE
0 3.26 4.62 3.58 5.01 5.74 8.20
1 3.36 4,77 3.58 5.01 5.68 8.09
CE-CNN 2 3.39 4.84 3.62 5.06 5.53 7.92
AVG +SD [ 334+0.07 | 474 +0.11 | 3.60 +0.02 | 503 +0.03 | 5.65+0.11 | 8.07 +0.14
0 2.87 4.08 3.56 4.80 5.36 7.61
OR-CNN 1 2.81 3.97 3.48 4.68 5.40 7.78
(Niu et al., 2016) 2 2.82 3.87 3.50 478 5.37 7.70
AVG+SD | 283 +0.03 [ 397+0.11 | 351 +0.04 | 475+ 0.06 | 538 +0.02 | 7.70 = 0.09
0 2.66 3.69 3.42 4.65 5.25 7.41
CORAL-CNN 1 2.64 3.64 3.51 4.76 5.25 7.50
(ours) 2 2.62 3.62 3.48 4.73 5.24 7.52
AVG + SD | 2.64 + 0.02 | 3.65 = 0.04 | 3.47 + 0.05 | 4.71 = 0.06 | 5.25 + 0.01 | 7.48 + 0.06

82




Neural network
without rank consistency

Input
(image example from
aesthetics dataset)

Neural network
with rank consistency

Cao, Mirjalili, Raschka (2020)

Rank inconsistency (not ideal)

P(Rating > 1)
P(Rating > 2)
P(Rating > 3)
P(Rating > 4)

50% probability
threshold

P(Rating > 1)
P(Rating > 2)
P(Rating > 3)
P(Rating > 4)

Rank consistency (ideal)

Rank Consistent Ordinal Regression for Neural Networks with Application to Age Estimation

Pattern Recognition Letters. 140, 325-331, https://www.sciencedirect.com/science/article/pii/S016786552030413X
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Prev. ordinal regression network

CORAL
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CORAL Architecture

Penultimate layer

} Label '
abel extension
. - ey
30] > |:) €2z during training 1
Age label 0 [T
0 Extended label 2
:
ResNet-34 . T -
] P(y; > r2)
7x7 conv B o
—> @64 —D —> @512 > 7X?dA\igIPoo| l
J stride=2 — L stride=| stride= \ ]
Input image \ .bK_1 "
C
o P(yi >rg-1)
W_J

Tasks

Weight sharing
across i — 1tasks
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CORAL Theorem

85

Theorem 1 (Ordered bias units). By minimizing the loss func-
tion defined in Eq. 4, the optimal solution (W*,b") satisfies
by >b5>...>2b} ;.

Proof. Suppose (W, b) 1s an optimal solution and by < by, for

some k. Claim: replacing b; with by, , or replacing by, with
by, decreases the objective value L. Let

Ap={n:yP =y =1y,
Ay ={n:y)) =y, =0},

Az = {n:yP =1, %D =0},

By the ordering relationship, we have
ATUAUA; ={1,2,...,N}.
Denote p,(by) = 0(g(x,, W) + by) and

On = 10g(pu(bi+1)) — 1og(pu(by)),
6, =log(1 — p,(by)) —log(1 — p,(bis1)).
Since p,(by) 1s increasing in by, we have §,, > 0 and 6, > 0.

If we replace b, with by, 1, the loss terms related to the k-th task
are updated. The change of loss L (Eq. 4) 1s given as

AL =0 = > 6,+ > 6,= > 6l

neA; neA, neAs

Accordingly, if we replace by with by, the change of L is given

as
ML =A%V Y 6, - > 5,- > 6]
neA neA, neAs
By adding ﬁAlL and ﬁAzL, we have
1 1 ,
%AlL + ﬂ(k+l) AQL - — ZA(én + 6?1) < O,
neAs

and know that either A{L < O or AL < 0. Thus, our claim 1s
justified. We conclude that any optimal solution (W*, b*) that
minimizes L satisfies

k % %k
b > b > ... > b,



CORAL Rank Consistency

1.
00 = CORAL-CNN
X~ 0.75 OR-CRN
-
©
A 0.50 “\ Ground Truth: 5 1 Ground Truth: 9
> OR-CNN: 6 OR-CNN: 9
a 0.25 -
CORAL-CNN: 4 CORAL-CNN: 9

0.00

1.00 -
N 0.75-
-
©
A 0.50 Ground Truth: 13 { Ground Truth: 31
> OR-CNN: 16 OR-CNN: 35
g 0.25 -

CORAL-CNN: 15 CORAL-CNN: 32
0.00 | | e ——— | | | "—-—-—-—--l .
0 10 20 30 40 50 0 10 20 30 40 50

Rank Rank
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Fixing rank inconsistency introduced a
limitation:

weight-sharing constraint restricts the
network's capacity



~oral

Fully connected output layer

Penultimate layer

—PN—
@ {1
(@)~ w2 P(y; > r1)
:
ResNet-34 " N L
) P(y; > ra)
7x7 conv 3x3 conv
—> | | @64 —> —> | @512 > 7x?A\igPoo| N
= | stride=2 EEE stride=I stride=| \ u
Input image . \ .
Convolutional backbone " C v
P(y; > rx—1)
—’wm e~

Tasks

Weight-sharing constraint

Cao, Mirjalili, Raschka (2020)

Weight sharing
across i — 1tasks
Rank Consistent Ordinal Regression for Neural Networks with Application to Age Estimation

Pattern Recognition Letters. 140, 325-331, https://www.sciencedirect.com/science/article/pii/S016786552030413X
88
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Removing the weight-sharing constraint
(while maintaining rank consistency)
leads to even better performance

Shi, Cao, Raschka (2021)
Deep Neural Networks for Rank-Consistent Ordinal Regression Based On Conditional Probabilities.
Arxiv preprint, https://arxiv.org/abs/2111.08851
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CORN Method 1/3

3.3. Rank-consistent Ordinal Regression based on Conditional
Probabilities

Given a training set D = {X[i], yl }j\il, CORN applies a label
extension to the rank labels y!"! similar to CORAL, such that the
resulting binary label y;" € {0, 1} indicates whether y!'! exceeds
rank r;. Similar to CORAL, CORN also uses K — 1 learning
tasks associated with ranks ry, r, ..., 7x 1n the output layer as
illustrated in Fig. 2.

However, in contrast to CORAL, CORN estimates a series of
conditional probabilities using conditional training subsets (de-

scribed in Section 3.4) such that the output of the k—th binary
task f; (X[i]) represents the conditional probability’

fie(x) = (Y1 > r |y > ricy), 2)

where the events are nested: {ym > rk} C {y[i] > rk_l}.

The transformed, unconditional probabilities can then be
computed by applying the chain rule for probabilities to the
model outputs:

—.

f’(y[i] > rk) = fi (X[i]). (3)

J=1

Since Vj, 0 < f; (X[i]) < 1, we have

}A’(y[i] > rl) > f’(y[i] > r2) > 2 }A’(y[i] > rK_l) , 4)

which guarantees rank consistency among the K — 1 binary

tasks.
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CORN Method 2/3

3.4. Conditional Training Subsets

Our model aims to estimate f; (X[i]) and the conditional prob-
abilities f (X[i]) O (Xm). Estimating f; (X[i]) is a classic
binary classification task under the extended binary classifi-
cation framework with the binary labels y[ll]. To estimate the
conditional probabilities such as }A’(y[i] > 7y |yl > rl), we fo-
cus only on the subset of the training data where y'! > r|. As a
result, when we minimize the binary cross-entropy loss on these

conditional subsets, for each binary task, the estimated output
probability has a proper conditional probability interpretation.

In order to model the conditional probabilities in Eq. 3, we
construct conditional training subsets for training, which are
used 1n the loss function (Section 3.5) that 1s minimized via
backpropagation. The conditional training subsets are obtained
from the original training set as follows:

Sy : all {(x1 M)}, fori e {1,...,N),

So: {(X[i]»y[i]) |y > 7”1},

Sk-1: {(X[i],ym) |y > f’k—z},

where N = |5¢|> |S»|> ... > [S k_1], and |S | denotes the size of
S«. Note that the labels y!! are subject to the binary label ex-
tension as described in Section 3.3. Each conditional training
subset S 1s used for training the conditional probability predic-

tion ]A)(y[i] > Tk |y[i] > rk—l) for k > 2.
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CORN Method 3/3

92

3.5. Loss Function

Let f;(x"") denote the predicted value of the j-th node in the
output layer of the network (Fig. 2), and let |S ;| denote the size
of the j-th conditional training set. To train a CORN neural net-
work using backpropagation, we minimize the following loss
function:

L(X,y) =

- e 2 2 [lee (7)1 {1 > )
SEI|S | & 4

j=1

+ log(l — fj(x[i])) -1 {ym < rj}], (5)

We note that in f;(x'"!), x!"l represents the i-th training example
in S ;. To simplify the notation, we omit an additional index j
to distinguish between x'! in different conditional training sets.

To improve the numerical stability of the loss gradients dur-
ing training, we implement the following alternative formula-
tion of the loss, where Z are the net inputs of the last layer (aka

logits), as shown in Fig. 2, and log (0' (z[i])) = log ( fi (X[i]))i

L(Z,y) =
—1 15l

=~

M

[log( ( [ ]l{y[l] > r]}
i=1

log (0' (z[l])) — z[’]) -1 {y[i] < rj} ] (6)

_|_

— -



xlil —»

One example
as input

Architecture

Weight parameters of the last layer (bias units b, ... b;,_; not shown)

Wi = [W1,1 Wi2 . Wl,m]

Hidden

fl(x[i]) = O'(ZF]) where Z{i] =

Logistic sigmoid function

¥

a[i] W’{ + b1

il _

where Z, = al’l wi + b,

o (Z,[{L]_l) where ZI[(i]_l =allwk_, + bg_4

Activations of
penultimate layer

A ]

Net inputs of
output layer

Z = [Zl Zy ... ZK—l]

Cl=[Cl1 a, ...

f where o (z}! ) = P(y11 > re_y | y11> 1)

Outputs

K—1
Predicted rank q[i] =1+ z ]]{P(y[i] > rk) > 0.5}
k=1

where P(yl! > 1) =P(yl > ) - Pyl > 1y | yl > 1) - P(ylH > 1 | yl > 1)
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CORN Performance 1/2

Table 1. Prediction errors on the test sets. Best results are highlighted in bold.

Method Seed MORPH-2 (Balanced) AFAD (Balanced) AES FIREMAN
MAE RMSE MAE RMSE MAE RMSE MAE RMSE
0 3.81 5.19 3.31 4.27 0.43 0.68 0.80 1.14
CENN 1 3.60 4.8 3.28 4.19 0.43 0.69 0.80 1.14
2 3.61 4.84 3.32 4.22 0.45 0.71 0.79 1.13
3 3.85 521 3.24 4.15 0.43 0.70 0.80 1.16
4 3.80 5.14 3.24 4.13 0.42 0.68 0.80 1.15
AVGx=SD | 3773 +0.12 | 5.04+0.20 | 3.28+0.04 | 4.19+0.06 | 0.43+0.01 | 0.69+0.01 | 0.80+0.01 | 1.14 +0.01
0 3.21 4.25 2.81 3.45 0.44 0.70 0.75 1.07
OR-NN 1 3.16 4.25 2.87 3.54 0.43 0.69 0.76 1.08
[11] 2 3.16 4.31 2.82 3.46 0.43 0.69 0.77 1.10
3 2.98 4.05 2.89 3.49 0.44 0.70 0.76 1.08
4 3.13 4.27 2.86 3.45 0.43 0.69 0.74 1.07
AVG+SD | 3.13+0.09 | 423 +0.10 | 2.85+0.03 | 348+0.04 | 043 +0.01 | 0.69+0.01 | 0.76 =0.01 | 1.08 +0.01
0 2.94 3.98 2.95 3.60 0.47 0.72 0.82 1.14
CORAL 1 2.97 4.03 2.99 3.69 0.47 0.72 0.83 1.16
[1] 2 3.01 3.98 2.98 3.70 0.48 0.73 0.81 1.13
3 2.98 4.01 3.00 3.78 0.44 0.70 0.82 1.16
4 3.03 4.06 3.04 3.75 0.46 0.72 0.82 1.15
AVGx=SD | 299+004 | 401 +£0.03 | 299+0.03 | 3.70+0.07 | 046 +0.02 | 0.72+0.01 | 0.82+0.01 | 1.15+0.01
0 2.98 4 2.80 3.45 0.41 0.67 0.75 1.07
CORN 1 2.99 4.01 2.81 3.44 0.44 0.69 0.76 1.08
(ours) 2 2.97 3.97 2.84 3.48 0.42 0.68 0.77 1.10
3 3.00 4.06 2.80 3.48 0.43 0.69 0.76 1.08
4 2.95 3.92 2.79 3.45 0.43 0.69 0.74 1.07
AVG+=SD | 298 +0.02 | 3.99 +0.05 | 281 +0.02 | 3.46+0.02 | 043 +0.01 | 0.68+0.01 | 0.76 =0.01 | 1.08 +0.01
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CORN Performance 2/2

Table S1. Prediction errors on the test sets. Best results are highlighted in bold.

TripAdvisor (Balanced)

Coursera (Balanced)

Method Seed MAE RMSE MAE RMSE
0 113 156 1.01 1.48
1 1.04 1.53 0.97 1.05
CE-RNN 2 1.05 1.54 1.12 1.65
3 123 1.81 1.18 176
4 1.03 1.52 0.84 1.26
AVGSD | 1.10x009 | 159012 | 1.02<0.13 | 153 £0.19
0 1.06 153 0.9% 134
OR-RNN 1 1.09 1.50 0.93 1.24
[11] b 111 1.53 1.12 1.47
3 123 1.52 111 1.53
A 1.07 1.40 0.85 1.16
AVGSD | 111007 | 150006 | 1.00=0.12 | 1.35<0.15
0 115 158 0.99 1.29
CORAL 1 1.14 1.49 1.03 1.39
1] 2 1.16 1.46 1.14 1.40
3 1.19 141 1.20 1.40
A 1.13 147 0.82 111
AVGSD | 1.15+ 002 | 1.48<0.06 | 1.04 0.15 | 1.33 = 0.13
0 1.09 155 0.95 137
CORN 1 1.09 1.53 0.90 1.32
(ours) P 1.01 145 1.07 1.49
3 1.12 151 1.05 1.47
4 1.03 1.46 0.78 1.14
AVG=SD | 1.07£0.05 | 150004 | 095012 | 1.36<0.14
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CORN Loss

Assume 3 training examples x!'!, x1?1, and x!3!
with the following 3 rank labels:

yBl =4
Train task 1 Train task 2
[1] _
ylil = 1 - 1 =0 — Y12 = 1
_ 2 =
y= y[Z] — 3 l[rl)]agzre? y, = 3’1[ 11 bl[?]anze? y, = 2[3] j 1]
yBl=4] LY 1 v =1 yH >y Y, =
fi(x)
— = — [1] —>
x[l] Neural Ll log (1 fl (x )) x[z] Neural fz(x[i]) o)
X2l —» - +log ( 1 (x!2) — L, = log (fz (x ))
network x[3] network N
x3] + log (f1 (x[3])) + log (fz (x[3]))
3 training examples
as input Binary tasks Loss of first task
Train task 3 Train task 4
S binarize y?Ez] = binarize — [vBl— ¢
y = y[Z] =3 il , ys3 (3] y[i] > 7,7 Vo= Vs =
)3 = 4 yH >3 y; =1
X121 Neural | —» 131 Neural | —»
network | fs(x!! network
xt3] EICI L, = log (1 _fg(xm)) —»
y . —p [, = log (1 — f4(x[3]))
+ log (f3 (x )) fa(x1)

Overall loss: L(X,y) =

Xil
1

3424241

Li+L,+L;+ L,
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