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Abstract: Smarter applications are making better use of the insights gleaned from data, having an
impact on every industry and research discipline. At the core of this revolution lies the tools and the
methods that are driving it, from processing the massive piles of data generated each day to learning
from and taking useful action. Deep neural networks, along with advancements in classical machine
learning and scalable general-purpose graphics processing unit (GPU) computing, have become
critical components of artificial intelligence, enabling many of these astounding breakthroughs and
lowering the barrier to adoption. Python continues to be the most preferred language for scientific
computing, data science, and machine learning, boosting both performance and productivity by
enabling the use of low-level libraries and clean high-level APIs. This survey offers insight into the
field of machine learning with Python, taking a tour through important topics to identify some of
the core hardware and software paradigms that have enabled it. We cover widely-used libraries and
concepts, collected together for holistic comparison, with the goal of educating the reader and driving
the field of Python machine learning forward.
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1. Introduction

Artificial intelligence (AI), as a subfield of computer science, focuses on designing computer
programs and machines capable of performing tasks that humans are naturally good at, including
natural language understanding, speech comprehension, and image recognition. In the mid-twentieth
century, machine learning emerged as a subset of AI, providing a new direction to design AI by drawing
inspiration from a conceptual understanding of how the human brain works [1,2]. Today, machine
learning remains deeply intertwined with AI research. However, ML is often more broadly regarded
as a scientific field that focuses on the design of computer models and algorithms that can perform
specific tasks, often involving pattern recognition, without the need to be explicitly programmed.

One of the core ideas and motivations behind the multifaceted and fascinating field of computer
programming is the automation and augmentation of tedious tasks. For example, programming allows
the developer to write software for recognizing zip codes that can enable automatic sorting of letters at
a post office. However, the development of a set of rules that, when embedded in a computer program,
can perform this action reliably is often tedious and extremely challenging. In this context, machine
learning can be understood as the study and development of approaches that automate complex
decision-making, as it enables computers to discover predictive rules from patterns in labeled data
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Part 1: Technologies and Tools
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Python for-loops are bad
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= x⊤w

Python for-loops are bad:  
Use SIMD & vectorized code whenever you can
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For-loops vs. Vectorized Code
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Dot product is  approx.1500x faster



Can we speed this up further using GPUs?
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GPU is approx. 3x slower
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Can we speed this up further using GPUs?
(Yes, if the data / computation is large)

GPU is approx. 230x faster
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Figure 1. The standard Python ecosystem for machine learning, data science, and scientific computing.

While both NumPy and Pandas [7] (Figure 1) provide abstractions over a collection of data points61

with operations that work on the dataset as a whole, Pandas extends NumPy by providing a data62

frame-like object supporting heterogeneous column types and row and column metadata. In recent63

years, Pandas library has become the de-facto format for representing tabular data in Python for extract,64

transform, load" (ETL) contexts and data analysis. Twelve years after its first release in 2008, and 2565

versions later, the first 1.0 version of Pandas was released in 2020. In the open source community,66

where most projects follow semantic versioning standards [8], a 1.0 release conveys that a library has67

reached a major level of maturity, along with a stable API.68

Even though the first version of NumPy was released more than 25 years ago (under its previous69

name, "Numeric"), it is, similar to Pandas, still actively developed and maintained. In 2017, the70

NumPy development team received a $645,000 grant from the Moore Foundation to help with further71

development and maintenance of the library [9]. As of this writing, Pandas, NumPy, and SciPy remain72

the most user-friendly and recommended choices for many data science and computing projects.73

1.2. Optimizing Python’s Performance for Numerical Computing and Data Processing74

Aside from its threading limitations, the CPython interpreter does not take full advantage75

of modern processor hardware as it needs to be compatible with a large number of computing76

platforms [10]. Special optimized instruction sets for the CPU, like Intel’s Streaming SIMD Extensions77

(SSE) and IBM’s AltiVec, are being used underneath many low-level library specifications, such as78

the Binary Linear Algebra Subroutines (BLAS) [11] and Linear Algebra Pack (LAPACK) [12] libraries, for79

efficient matrix and vector operations.80

Significant community efforts go into the development of OpenBLAS, an open source81

implementation of the BLAS API that supports a wide variety of different processor types. While all82

major scientific libraries can be compiled with OpenBLAS integration [13], the manufacturers of the83

different CPU instruction sets will also often provide their own hardware-optimized implementations84

of the BLAS and LAPACK subroutines. For instance, Intel’s Math Kernel Library (Intel MKL) [14]85

and IBM’s Power ESSL [15] provide pluggable efficiency for scientific computing applications.86

This standardized API design offers portability, meaning that the same code can run on different87

architectures with different instruction sets, via building against the different implementations.88

When numerical libraries such as NumPy and SciPy receive a substantial performance boost, for89

example, through hardware-optimized subroutines, the performance gains automatically extend to90

higher-level machine learning libraries, like Scikit-learn, which primarily use NumPy and SciPy [16,17].91

Intel also provides a Python distribution geared for high-performance scientific computing, including92

the MKL acceleration [18] mentioned earlier. The appeal behind this Python distribution is that it93

is free to use, works right out of the box, accelerates Python itself rather than a cherry-picked set of94

libraries, and works as a drop-in replacement for the standard CPython distribution with no code95

changes required. One major downside, however, is that it is restricted to Intel processors.96
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Python API where applicable. cuIO provides storage and retrieval of many popular data formats, such552

as CSV and Parquet. cuStrings makes it possible to represent, search, and manipulate strings on GPUs.553

cuSpatial provides algorithms to build and query spatial data structures while cuSignal provides a554

near drop-in replacement for SciPy’s signaling submodule scipy.signal.555
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Figure 4. RAPIDS is an open source effort to support and grow the ecosystem of GPU-accelerated
Python tools for data science, machine learning, and scientific computing. RAPIDS supports existing
libraries, fills gaps by providing open source libraries with crucial components that are missing from
the Python community, and promotes cohesion across the ecosystem by supporting interoperability
across the libraries.

4.3. NDArray and Vectorized Operations556

While NumPy is capable of invoking a BLAS implementation to optimize SIMD operations, its557

capability of vectorizing functions is limited, providing little to no performance benefits. The Numba558

library provides just-in-time (JIT) compilation [73], enabling vectorized functions to make use of559

technologies like SSE and AltiVec. This separation of describing the computation separately from560

the data also enables Numba to compile and execute these functions on the GPU. In addition to JIT,561

Numba also defines a DeviceNDArray, providing GPU-accelerated implementations of many common562

functions in NumPy’s NDArray.563

CuPy defines a GPU-accelerated NDArray with a slightly different scope than Numba [74]. CuPy564

is built specifically for the GPU, following the same API from NumPy, and includes many features from565

the SciPy API, such as scipy.stats and scipy.sparse, which use the corresponding CUDA toolkit566

libraries wherever possible. CuPy also wraps NVRTC 11 to provide a Python API capable of compiling567

and executing CUDA kernels at runtime. CuPy was developed to provide multidimensional array568

support for the deep learning library Chainer [75], and it has since become used by many libraries as a569

GPU-accelerated drop-in replacement for NumPy and SciPy.570

The TensorFlow and PyTorch libraries define Tensor objects, which are multidimensional arrays.571

These libraries, along with Chainer, provide APIs similar to NumPy, but build computation graphs572

to allow sequences of operations on tensors to be defined separately from their execution. This is573

motivated by their use in deep learning, where tracking the dependencies between operations allow574

them to provide features like automatic differentiation, which is not needed in general array libraries575

like Numba or CuPy. A more detailed discussion of deep learning and automatic differentiation can be576

found in Section 5.577

Google’s Accelerated Linear Algebra (XLA) library [76] provides its own domain-specific format578

for representing and JIT-compiling computational graphs; also giving the optimizer the benefit of579

knowing the dependencies between the operations. XLA is used by both TensorFlow and Google’s580

JAX library [77], which provides automatic differentiation and XLA for Python, using a NumPy shim581

11 https://docs.nvidia.com/cuda/nvrtc/index.html
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Sources for this can be found on the following websites:

�� http://www.geforce.com/hardware/desktop-gpus/geforce-gtx-980-
ti/specifications

�� http://ark.intel.com/products/82930/Intel-Core-i7-5960X-
Processor-Extreme-Edition-20M-Cache-up-to-3_50-GHz

(date: August 20, 2015)

At 70 percent of the price of a modern CPU, we can get a GPU that has 450 times 
PRUH�FRUHV��DQG�LV�FDSDEOH�RI�DURXQG����WLPHV�PRUH�ÁRDWLQJ�SRLQW�FDOFXODWLRQV�SHU�
second. So, what is holding us back from utilizing GPUs for our machine learning 
tasks? The challenge is that writing code to target GPUs is not as trivial as executing 
Python code in our interpreter. There are special packages such as CUDA and 
OpenCL that allow us to target the GPU. However, writing code in CUDA or 
OpenCL is probably not the most convenient environment for implementing  
and running machine learning algorithms. The good news is that this is what  
Theano was developed for!

Parallelizing Neural Network Training with TensorFlow

[ 422 ]

The performance of computer processors has, of course, been improving 
continuously over recent years, and that's allowed us to train more powerful and 
complex learning systems, and so to improve the predictive performance of our 
machine learning models. Even the cheapest desktop computer hardware that's 
available right now comes with processing units that have multiple cores.

Also, in the previous chapters, we saw that many functions in scikit-learn allowed us 
to spread those computations over multiple processing units. However, by default, 
Python is limited to execution on one core due to the *OREDO�,QWHUSUHWHU�/RFN (*,/). 
So, although we, indeed, take advantage of its multiprocessing library to distribute 
our computations over multiple cores, we still have to consider that the most 
advanced desktop hardware rarely comes with more than 8 or 16 such cores.

If we recall from Chapter 12, ,PSOHPHQWLQJ�D�0XOWLOD\HU�$UWLÀFLDO�1HXUDO�1HWZRUN� 
from Scratch, where we implemented a very simple multilayer perceptron with  
only one hidden layer consisting of 100 units, we had to optimize approximately 
80,000 weight parameters (>���
���������@���>����
���@������ �������) to learn a  
PRGHO�IRU�D�YHU\�VLPSOH�LPDJH�FODVVLÀFDWLRQ�WDVN��7KH�LPDJHV�LQ�01,67�DUH�UDWKHU�
small (28 x 28 pixels), and we can only imagine the explosion in the number of 
parameters if we want to add additional hidden layers or work with images that 
have higher pixel densities.

Such a task would quickly become unfeasible for a single processing unit. The 
TXHVWLRQ�WKHQ�EHFRPHV³KRZ�FDQ�ZH�WDFNOH�VXFK�SUREOHPV�PRUH�HIIHFWLYHO\"

The obvious solution to this problem is to use GPUs, which are real work horses. 
<RX�FDQ�WKLQN�RI�D�JUDSKLFV�FDUG�DV�D�VPDOO�FRPSXWHU�FOXVWHU�LQVLGH�\RXU�PDFKLQH��
Another advantage is that modern GPUs are relatively cheap compared to the  
state-of-the-art CPUs, as we can see in the following overview:

Chapter 13

[�����]

The sources for the information in the table are the following websites (Date: October 
2019):

• https://ark.intel.com/content/www/us/en/ark/products/189123/
intel-core-i9-9960x-x-series-processor-22m-cache-up-to-4-50-
ghz.html

• https://www.nvidia.com/en-us/geforce/graphics-cards/rtx-2080-
ti/ 

At 65 percent of the price of a modern CPU, we can get a GPU that has 272 times 
PRUH�FRUHV�DQG�LV�FDSDEOH�RI�DURXQG����WLPHV�PRUH�ÁRDWLQJ�SRLQW�FDOFXODWLRQV�SHU�
second. So, what is holding us back from utilizing GPUs for our machine learning 
WDVNV"�7KH�FKDOOHQJH�LV�WKDW�ZULWLQJ�FRGH�WR�WDUJHW�*38V�LV�QRW�DV�VLPSOH�DV�H[HFXWLQJ�
Python code in our interpreter. There are special packages, such as CUDA and 
OpenCL, that allow us to target the GPU. However, writing code in CUDA or 
OpenCL is probably not the most convenient environment for implementing 
and running machine learning algorithms. The good news is that this is what 
TensorFlow was developed for!

What is TensorFlow?
TensorFlow is a scalable and multiplatform programming interface for implementing 
and running machine learning algorithms, including convenience wrappers for 
deep learning. TensorFlow was developed by the researchers and engineers from 
the Google Brain team. While the main development is led by a team of researchers 
and software engineers at Google, its development also involves many contributions 
from the open source community. TensorFlow was initially built for internal use at 
Google, but it was subsequently released in November 2015 under a permissive open 
source license. Many machine learning researchers and practitioners from academia 
and industry have adapted TensorFlow to develop deep learning solutions.

https://www.theverge.com/2015/5/31/8695075/nvidia-geforce-gtx-980-ti-announced

Image: https://www.amazon.com/Nvidia-GEFORCE-GTX-1080-Ti/dp/B06XH5ZCLP

Image: https://www.nvidia.com/en-in/geforce/graphics-cards/rtx-2080-ti/

Sebastian Raschka. Python 
Machine Learning. 
Birmingham, UK: Packt 
Publishing, 2015

Sebastian Raschka and Vahid 
Mirjalili. Python Machine 
Learning 2nd Ed. 
Birmingham, UK: Packt 
Publishing, 2017

Sebastian Raschka and Vahid 
Mirjalili. Python Machine 
Learning 3rd Ed. Birmingham, 
UK: Packt Publishing, 2019
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Source: https://lambdalabs.com/blog/2080-ti-deep-learning-benchmarks/

~$8,000; 16 Gb Memory

~$1,100; 11 Gb Memory

https://lambdalabs.com/blog/2080-ti-deep-learning-benchmarks/
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https://arstechnica.com/gadgets/2018/07/the-ai-revolution-has-spawned-a-new-chips-arms-race/

Developing Specialized Hardware

https://developer.arm.com/products/processors/machine-learning/arm-ml-processor https://www.reuters.com/article/us-amazon-com-nvidia/amazon-launches-machine-learning-chip-
taking-on-nvidia-intel-idUSKCN1NX2PY

https://www.marketwatch.com/story/new-nvidia-chip-extends-the-companys-lead-in-
graphics-artificial-intelligence-2018-08-14
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Which DL framework  
is most popular?

Deep Learning frameworks
The new "Emacs vs VIM"
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https://thegradient.pub/state-of-ml-frameworks-2019-pytorch-dominates-research-
tensorflow-dominates-industry/
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https://thegradient.pub/state-of-ml-frameworks-2019-pytorch-dominates-research-
tensorflow-dominates-industry/

This graph was generated by scraping 
every paper published in a major ML 
conference over the last few years. 
Papers were categorized based on 
whether they mention PyTorch or 

TensorFlow, excluding papers with 
authors affiliated with either Google or 

Facebook, as well as those that mention 
both TensorFlow and PyTorch



"Most I've spoken to (and I'm from a background in ML academia); PyTorch is by a 
very slim margin faster than TensorFlow 2.0 in our experiences when you run 
TensorFlow in non-Eager mode. However, since Eager mode is now enabled by 
default in TensorFlow 2.0; PyTorch is significantly faster."

18

https://www.reddit.com/r/MachineLearning/comments/f19dj4/d_tensorflow_20_v_pytorch_performance_question/
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Source: https://medium.com/huggingface/benchmarking-transformers-pytorch-and-tensorflow-e2917fb891c2

https://medium.com/huggingface/benchmarking-transformers-pytorch-and-tensorflow-e2917fb891c2
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computing, machine learning, and deep learning throughout the 2010’s, many researchers, still seemed796

to prefer a Python-based environment like Theano over Torch, despite its less user-friendly static graph797

approach.798

Defining the graph

Initializing and 
evaluating the graph

b

a
In:

In:

Out:

Out:

Figure 7. Comparison between (a) a static computation graph in TensorFlow 1.15 and (b) an imperative
programming paradigm enabled by dynamic graphs in PyTorch 1.4.

Torch 7 was eventually superseded by PyTorch in 2017 [101], which started out as a user-friendly799

Python wrapper around Torch 7’s lower-level C/C++ code. Inspired by pioneers in dynamic and800

Python-based deep learning frameworks, such as Chainer [77] and DyNet [102], PyTorch embraces801

an imperative programming style instead of using graph meta-programming21. This is particularly802

attractive to researchers, as it provides a familiar interface for Python users, eases experimentation and803

debugging, and is directly compatible with other Python-based tools. What distinguishes libraries804

like DyNet, Chainer, and PyTorch from regular GPU-accelerated array libraries like CuPy, however,805

is that they include reverse-mode automatic differentiation (autodiff) for computing gradients of806

scalar-valued functions 22 with respect to the multivariate inputs. Since 2017, PyTorch has been widely807

adopted and is now considered to be the most popular deep learning library for research. In 2019,808

PyTorch was the most-used deep learning library at all major deep learning conferences [103].809

21 In graph meta-programming, part or all of the graph’s structure is provided at compile time, and only minimal code is
generated or added during runtime.

22 scalar-valued functions receive one or more input values but return a single value
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"intermediate" representation (IR)  
<=> "static graph"

Image Source: https://thegradient.pub/state-of-ml-
frameworks-2019-pytorch-dominates-research-
tensorflow-dominates-industry/

Two ways for turning a 
PyTorch model 

into a static graph for 
optimization and 

deployment: 

a) Tracing 
b) Scripting

DL Frameworks are 
converging

https://thegradient.pub/state-of-ml-frameworks-2019-pytorch-dominates-research-tensorflow-dominates-industry/
https://thegradient.pub/state-of-ml-frameworks-2019-pytorch-dominates-research-tensorflow-dominates-industry/
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Adding forward-mode autodiff for 
efficient higher-order derivatives 

(e.g., Hessians)
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JAX 

Forward mode AD for PyTorch: https://
github.com/pytorch/pytorch/issues/10223

Composable transformations of 
Python+NumPy programs: differentiate, 
vectorize, JIT to GPU/TPU, and more

Swift
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torch.autograd.functional.hessian(...)

https://pytorch.org/blog/pytorch-1-dot-5-released-with-new-and-updated-apis/

https://pytorch.org/blog/pytorch-1-dot-5-released-with-new-and-updated-apis/
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Adversarial attacks



28

1

Phantom of the ADAS:
Phantom Attacks on Driver-Assistance Systems

Ben Nassi1, Dudi Nassi1, Raz Ben-Netanel1, Yisroel Mirsky1,2, Oleg Drokin3, Yuval Elovici1

Video Demonstration - https://youtu.be/1cSw4fXYqWI
{nassib,nassid,razx,yisroel,elovici}@post.bgu.ac.il, green@linuxhacker.ru

1 Ben-Gurion University of the Negev, 2 Georgia Tech,3 Independent Tesla Researcher

ABSTRACT

The absence of deployed vehicular communication sys-
tems, which prevents the advanced driving assistance systems
(ADASs) and autopilots of semi/fully autonomous cars to
validate their virtual perception regarding the physical en-
vironment surrounding the car with a third party, has been
exploited in various attacks suggested by researchers. Since
the application of these attacks comes with a cost (exposure
of the attacker’s identity), the delicate exposure vs. application
balance has held, and attacks of this kind have not yet
been encountered in the wild. In this paper, we investigate a
new perceptual challenge that causes the ADASs and autopi-
lots of semi/fully autonomous to consider depthless objects
(phantoms) as real. We show how attackers can exploit this
perceptual challenge to apply phantom attacks and change
the abovementioned balance, without the need to physically
approach the attack scene, by projecting a phantom via a
drone equipped with a portable projector or by presenting a
phantom on a hacked digital billboard that faces the Internet
and is located near roads. We show that the car industry has
not considered this type of attack by demonstrating the attack
on today’s most advanced ADAS and autopilot technologies:
Mobileye 630 PRO and the Tesla Model X, HW 2.5; our
experiments show that when presented with various phantoms,
a car’s ADAS or autopilot considers the phantoms as real
objects, causing these systems to trigger the brakes, steer into
the lane of oncoming traffic, and issue notifications about
fake road signs. In order to mitigate this attack, we present
a model that analyzes a detected object’s context, surface,
and reflected light, which is capable of detecting phantoms
with 0.99 AUC. Finally, we explain why the deployment
of vehicular communication systems might reduce attackers’
opportunities to apply phantom attacks but won’t eliminate
them.

I. INTRODUCTION

After years of research and development, automobile tech-
nology is rapidly approaching the point at which human
drivers can be replaced, as cars are now capable of supporting
semi/fully autonomous driving [1, 2]. While the deployment
of semi/fully autonomous cars has already begun in many
countries around the world, the deployment of vehicular
communication systems [3], a set of protocols intended for

a b

Fig. 1: Perceptual Challenge: Would you consider the projec-
tion of the person (a) and road sign (b) real? Telsa considers
(a) a real person and Mobileye 630 PRO considers (b) a real
road sign.

exchanging information between vehicles and roadside units,
has been delayed [4]. The eventual deployment of such sys-
tems, which include V2V (vehicle-to-vehicle), V2I (vehicle-to-
infrastructure), V2P (vehicle-to-pedestrian), and V2X (vehicle-
to-everything) communication systems, is intended to supply
semi/fully autonomous cars with information and validation
regarding lanes, road signs, and obstacles.

Given the delayed deployment of vehicular communication
systems in most places around the world, autonomous driving
largely relies on sensor fusion to replace human drivers.
Passive and active sensors are used in order to create 360�

3D virtual perception of the physical environment surrounding
the car. However, the lack of vehicular communication system
deployment has created a validation gap which limits the
ability of semi/fully autonomous cars to validate their virtual
perception of obstacles and lane markings with a third party,
requiring them to rely solely on their sensors and validate one
sensor’s measurements with another. Given that the exploita-
tion of this gap threatens the security of semi/fully autonomous
cars, we ask the following question: Why haven’t attacks
against semi/fully autonomous cars exploiting this validation
gap been encountered in the wild?

Various attacks have already been demonstrated by re-
searchers [5–14], causing cars to misclassify road signs [5–10],
misperceive objects [11, 12], deviate to the lane of oncoming
traffic [13], and navigate in the wrong direction [14]. These
attacks can only be applied by skilled attackers (e.g., an expert
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ABSTRACT

The absence of deployed vehicular communication sys-
tems, which prevents the advanced driving assistance systems
(ADASs) and autopilots of semi/fully autonomous cars to
validate their virtual perception regarding the physical en-
vironment surrounding the car with a third party, has been
exploited in various attacks suggested by researchers. Since
the application of these attacks comes with a cost (exposure
of the attacker’s identity), the delicate exposure vs. application
balance has held, and attacks of this kind have not yet
been encountered in the wild. In this paper, we investigate a
new perceptual challenge that causes the ADASs and autopi-
lots of semi/fully autonomous to consider depthless objects
(phantoms) as real. We show how attackers can exploit this
perceptual challenge to apply phantom attacks and change
the abovementioned balance, without the need to physically
approach the attack scene, by projecting a phantom via a
drone equipped with a portable projector or by presenting a
phantom on a hacked digital billboard that faces the Internet
and is located near roads. We show that the car industry has
not considered this type of attack by demonstrating the attack
on today’s most advanced ADAS and autopilot technologies:
Mobileye 630 PRO and the Tesla Model X, HW 2.5; our
experiments show that when presented with various phantoms,
a car’s ADAS or autopilot considers the phantoms as real
objects, causing these systems to trigger the brakes, steer into
the lane of oncoming traffic, and issue notifications about
fake road signs. In order to mitigate this attack, we present
a model that analyzes a detected object’s context, surface,
and reflected light, which is capable of detecting phantoms
with 0.99 AUC. Finally, we explain why the deployment
of vehicular communication systems might reduce attackers’
opportunities to apply phantom attacks but won’t eliminate
them.

I. INTRODUCTION

After years of research and development, automobile tech-
nology is rapidly approaching the point at which human
drivers can be replaced, as cars are now capable of supporting
semi/fully autonomous driving [1, 2]. While the deployment
of semi/fully autonomous cars has already begun in many
countries around the world, the deployment of vehicular
communication systems [3], a set of protocols intended for
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tion of the person (a) and road sign (b) real? Telsa considers
(a) a real person and Mobileye 630 PRO considers (b) a real
road sign.

exchanging information between vehicles and roadside units,
has been delayed [4]. The eventual deployment of such sys-
tems, which include V2V (vehicle-to-vehicle), V2I (vehicle-to-
infrastructure), V2P (vehicle-to-pedestrian), and V2X (vehicle-
to-everything) communication systems, is intended to supply
semi/fully autonomous cars with information and validation
regarding lanes, road signs, and obstacles.

Given the delayed deployment of vehicular communication
systems in most places around the world, autonomous driving
largely relies on sensor fusion to replace human drivers.
Passive and active sensors are used in order to create 360�

3D virtual perception of the physical environment surrounding
the car. However, the lack of vehicular communication system
deployment has created a validation gap which limits the
ability of semi/fully autonomous cars to validate their virtual
perception of obstacles and lane markings with a third party,
requiring them to rely solely on their sensors and validate one
sensor’s measurements with another. Given that the exploita-
tion of this gap threatens the security of semi/fully autonomous
cars, we ask the following question: Why haven’t attacks
against semi/fully autonomous cars exploiting this validation
gap been encountered in the wild?

Various attacks have already been demonstrated by re-
searchers [5–14], causing cars to misclassify road signs [5–10],
misperceive objects [11, 12], deviate to the lane of oncoming
traffic [13], and navigate in the wrong direction [14]. These
attacks can only be applied by skilled attackers (e.g., an expert
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Table 1. Selection of evasion attack and defense mechanisms that are implemented in adversarial
learning toolkits. Note that ART also implements methods for poisoning and extraction attacks (not
shown).

Cleverhans v3.0.1 FoolBox v2.3.0 ART v1.1.0 DEEPSEC (2019) AdvBox v0.4.1
Supported frameworks

TensorFlow yes yes yes no yes
MXNet yes yes yes no yes

PyTorch no yes yes yes yes
PaddlePaddle no no no no yes

(Evasion) attack mechanisms
BLB [163] yes no no yes no

AMD [170] yes no no no no
ZOO [171] no no yes no no

VA [172] yes yes yes no no
AP [173] no no yes no no

STA [174] no yes yes no no
DTA [175] no no yes no no

FGSM [176] yes yes yes yes yes
R+FGSM [177] no no no yes no

R+LLC [177] no no no yes no
U-MI-FGSM [178] yes yes no yes no
T-MI-FGSM [178] yes yes no yes no

BIM [179] no yes yes yes yes
LLC / ILLC [179] no yes no yes no

UAP [180] no no yes yes no
DeepFool [181] yes yes yes yes yes

NewtonFool [182] no yes yes no no
JSMA [183] yes yes yes yes yes

CW/CW2 [184] yes yes yes yes yes
PGD [185] yes no yes yes yes
OM [186] no no no yes no

EAD [187] yes yes yes yes no
Boundary Attack [188] no yes yes no no

HopSkipJumpAttack [189] yes yes yes no no
MaxConf [190] yes no no no no

Inversion attack [191] yes yes no no no
SparseL1 [192] yes yes no no no

SPSA [193] yes no no no no
HCLU [194] no no yes no no

ADef [195] no yes no no no
DDNL2 [196] no yes no no no

Local Search [197] no yes no no no
Pointwise attack [198] no yes no no no

GenAttack [199] no yes no no no
Defense mechanisms

Feature Squeezing [200] no no yes no yes
Spatial Smoothing [200] no no yes no yes

Label Smoothing [200] no no yes no yes
Gaussian Augmentation [201] no no yes no yes

Adversarial Training [185] no no yes yes yes
Thermometer Encoding [202] no no yes yes yes

NAT [203] no no no yes no
EAT [177] no no no yes no
DD [204] no no no yes no
IGR [205] no no no yes no
EIT [206] no no yes yes no
RT [207] no no no yes no

PixelDefend [208] no no yes yes no
Regr.-based classfication [209] no no no yes no

JPEG compression [210] no no yes no no
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<latexit sha1_base64="sAAe226MpFncoK5AcSpzzUnkA9I=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjRfsBbSib7aZdutmE3YlSQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwALsI2g</latexit><latexit sha1_base64="sAAe226MpFncoK5AcSpzzUnkA9I=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjRfsBbSib7aZdutmE3YlSQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwALsI2g</latexit><latexit sha1_base64="sAAe226MpFncoK5AcSpzzUnkA9I=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjRfsBbSib7aZdutmE3YlSQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwALsI2g</latexit><latexit sha1_base64="sAAe226MpFncoK5AcSpzzUnkA9I=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjRfsBbSib7aZdutmE3YlSQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwALsI2g</latexit>

...

ResNet-34

7x7 AvgPool
stride=1

wm
<latexit sha1_base64="3SltFZgdSbEccduFdJMJ4sVJM+s=">AAAB6nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHirYW2qVk07QNTbJLMquUpT/BiwdFvPqLvPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wsrq2vlHcLG1t7+zulfcPmjZODeMNFsvYtCJquRSaN1Cg5K3EcKoiyR+i0fW0/vDIjRWxvsdxwkNFB1r0BaPorLunruqWK37Vn4ksQ5BDBXLVu+WvTi9mqeIamaTWtgM/wTCjBgWTfFLqpJYnlI3ogLcdaqq4DbPZqhNy4pwe6cfGPY1k5v6eyKiydqwi16koDu1ibWr+V2un2L8MM6GTFLlm84/6qSQYk+ndpCcMZyjHDigzwu1K2JAaytClU3IhBIsnL0PzrBo4vj2v1K7yOIpwBMdwCgFcQA1uoA4NYDCAZ3iFN096L9679zFvLXj5zCH8kff5A2Ucjds=</latexit><latexit sha1_base64="3SltFZgdSbEccduFdJMJ4sVJM+s=">AAAB6nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHirYW2qVk07QNTbJLMquUpT/BiwdFvPqLvPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wsrq2vlHcLG1t7+zulfcPmjZODeMNFsvYtCJquRSaN1Cg5K3EcKoiyR+i0fW0/vDIjRWxvsdxwkNFB1r0BaPorLunruqWK37Vn4ksQ5BDBXLVu+WvTi9mqeIamaTWtgM/wTCjBgWTfFLqpJYnlI3ogLcdaqq4DbPZqhNy4pwe6cfGPY1k5v6eyKiydqwi16koDu1ibWr+V2un2L8MM6GTFLlm84/6qSQYk+ndpCcMZyjHDigzwu1K2JAaytClU3IhBIsnL0PzrBo4vj2v1K7yOIpwBMdwCgFcQA1uoA4NYDCAZ3iFN096L9679zFvLXj5zCH8kff5A2Ucjds=</latexit><latexit sha1_base64="3SltFZgdSbEccduFdJMJ4sVJM+s=">AAAB6nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHirYW2qVk07QNTbJLMquUpT/BiwdFvPqLvPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wsrq2vlHcLG1t7+zulfcPmjZODeMNFsvYtCJquRSaN1Cg5K3EcKoiyR+i0fW0/vDIjRWxvsdxwkNFB1r0BaPorLunruqWK37Vn4ksQ5BDBXLVu+WvTi9mqeIamaTWtgM/wTCjBgWTfFLqpJYnlI3ogLcdaqq4DbPZqhNy4pwe6cfGPY1k5v6eyKiydqwi16koDu1ibWr+V2un2L8MM6GTFLlm84/6qSQYk+ndpCcMZyjHDigzwu1K2JAaytClU3IhBIsnL0PzrBo4vj2v1K7yOIpwBMdwCgFcQA1uoA4NYDCAZ3iFN096L9679zFvLXj5zCH8kff5A2Ucjds=</latexit><latexit sha1_base64="3SltFZgdSbEccduFdJMJ4sVJM+s=">AAAB6nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHirYW2qVk07QNTbJLMquUpT/BiwdFvPqLvPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wsrq2vlHcLG1t7+zulfcPmjZODeMNFsvYtCJquRSaN1Cg5K3EcKoiyR+i0fW0/vDIjRWxvsdxwkNFB1r0BaPorLunruqWK37Vn4ksQ5BDBXLVu+WvTi9mqeIamaTWtgM/wTCjBgWTfFLqpJYnlI3ogLcdaqq4DbPZqhNy4pwe6cfGPY1k5v6eyKiydqwi16koDu1ibWr+V2un2L8MM6GTFLlm84/6qSQYk+ndpCcMZyjHDigzwu1K2JAaytClU3IhBIsnL0PzrBo4vj2v1K7yOIpwBMdwCgFcQA1uoA4NYDCAZ3iFN096L9679zFvLXj5zCH8kff5A2Ucjds=</latexit> { <latexit sha1_base64="tFROaEGhmnnMpUlcEPFjR2z/BNI=">AAAB6XicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDL+27Vq3lzkVXwC6hCoUbf/eoNEpbFKA0TVOuu76UmyKkynAmcVnqZxpSyMR1i16KkMeogn286JWfWGZAoUfZJQ+bu74mcxlpP4tB2xtSM9HJtZv5X62Ymug5yLtPMoGSLj6JMEJOQ2dlkwBUyIyYWKFPc7krYiCrKjA2nYkPwl09ehdZFzbd8f1mt3xRxlOEETuEcfLiCOtxBA5rAIIJneIU3Z+y8OO/Ox6K15BQzx/BHzucPm4aNZQ==</latexit><latexit sha1_base64="tFROaEGhmnnMpUlcEPFjR2z/BNI=">AAAB6XicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDL+27Vq3lzkVXwC6hCoUbf/eoNEpbFKA0TVOuu76UmyKkynAmcVnqZxpSyMR1i16KkMeogn286JWfWGZAoUfZJQ+bu74mcxlpP4tB2xtSM9HJtZv5X62Ymug5yLtPMoGSLj6JMEJOQ2dlkwBUyIyYWKFPc7krYiCrKjA2nYkPwl09ehdZFzbd8f1mt3xRxlOEETuEcfLiCOtxBA5rAIIJneIU3Z+y8OO/Ox6K15BQzx/BHzucPm4aNZQ==</latexit><latexit sha1_base64="tFROaEGhmnnMpUlcEPFjR2z/BNI=">AAAB6XicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDL+27Vq3lzkVXwC6hCoUbf/eoNEpbFKA0TVOuu76UmyKkynAmcVnqZxpSyMR1i16KkMeogn286JWfWGZAoUfZJQ+bu74mcxlpP4tB2xtSM9HJtZv5X62Ymug5yLtPMoGSLj6JMEJOQ2dlkwBUyIyYWKFPc7krYiCrKjA2nYkPwl09ehdZFzbd8f1mt3xRxlOEETuEcfLiCOtxBA5rAIIJneIU3Z+y8OO/Ox6K15BQzx/BHzucPm4aNZQ==</latexit><latexit sha1_base64="tFROaEGhmnnMpUlcEPFjR2z/BNI=">AAAB6XicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDL+27Vq3lzkVXwC6hCoUbf/eoNEpbFKA0TVOuu76UmyKkynAmcVnqZxpSyMR1i16KkMeogn286JWfWGZAoUfZJQ+bu74mcxlpP4tB2xtSM9HJtZv5X62Ymug5yLtPMoGSLj6JMEJOQ2dlkwBUyIyYWKFPc7krYiCrKjA2nYkPwl09ehdZFzbd8f1mt3xRxlOEETuEcfLiCOtxBA5rAIIJneIU3Z+y8OO/Ox6K15BQzx/BHzucPm4aNZQ==</latexit>

K � 1
<latexit sha1_base64="r9EyNDc4ZkK0RbMq+OXc0Let6lU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8GJJRNBj0YvgpaL9gDaUzXbSLt1swu5GKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbwehmWm89odI8lo9mnKAf0YHkIWfUWOvh7szrlStu1Z2JLIOXQwVy1Xvlr24/ZmmE0jBBte54bmL8jCrDmcBJqZtqTCgb0QF2LEoaofaz2aoTcmKdPgljZZ80ZOb+nshopPU4CmxnRM1QL9am5n+1TmrCKz/jMkkNSjb/KEwFMTGZ3k36XCEzYmyBMsXtroQNqaLM2HRKNgRv8eRlaJ5XPcv3F5XadR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9yPn8AexuNQQ==</latexit><latexit sha1_base64="r9EyNDc4ZkK0RbMq+OXc0Let6lU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8GJJRNBj0YvgpaL9gDaUzXbSLt1swu5GKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbwehmWm89odI8lo9mnKAf0YHkIWfUWOvh7szrlStu1Z2JLIOXQwVy1Xvlr24/ZmmE0jBBte54bmL8jCrDmcBJqZtqTCgb0QF2LEoaofaz2aoTcmKdPgljZZ80ZOb+nshopPU4CmxnRM1QL9am5n+1TmrCKz/jMkkNSjb/KEwFMTGZ3k36XCEzYmyBMsXtroQNqaLM2HRKNgRv8eRlaJ5XPcv3F5XadR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9yPn8AexuNQQ==</latexit><latexit sha1_base64="r9EyNDc4ZkK0RbMq+OXc0Let6lU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8GJJRNBj0YvgpaL9gDaUzXbSLt1swu5GKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbwehmWm89odI8lo9mnKAf0YHkIWfUWOvh7szrlStu1Z2JLIOXQwVy1Xvlr24/ZmmE0jBBte54bmL8jCrDmcBJqZtqTCgb0QF2LEoaofaz2aoTcmKdPgljZZ80ZOb+nshopPU4CmxnRM1QL9am5n+1TmrCKz/jMkkNSjb/KEwFMTGZ3k36XCEzYmyBMsXtroQNqaLM2HRKNgRv8eRlaJ5XPcv3F5XadR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9yPn8AexuNQQ==</latexit><latexit sha1_base64="r9EyNDc4ZkK0RbMq+OXc0Let6lU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8GJJRNBj0YvgpaL9gDaUzXbSLt1swu5GKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbwehmWm89odI8lo9mnKAf0YHkIWfUWOvh7szrlStu1Z2JLIOXQwVy1Xvlr24/ZmmE0jBBte54bmL8jCrDmcBJqZtqTCgb0QF2LEoaofaz2aoTcmKdPgljZZ80ZOb+nshopPU4CmxnRM1QL9am5n+1TmrCKz/jMkkNSjb/KEwFMTGZ3k36XCEzYmyBMsXtroQNqaLM2HRKNgRv8eRlaJ5XPcv3F5XadR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9yPn8AexuNQQ==</latexit>

bK�1
<latexit sha1_base64="LwOEvZG6tsrLM9p/zFnxWW88ucU=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8GJJpKDHohfBSwX7AW0om+2mXbrZhN2JUEJ/hBcPinj193jz37htc9DWFxYe3plhZ94gkcKg6347hbX1jc2t4nZpZ3dv/6B8eNQycaoZb7JYxroTUMOlULyJAiXvJJrTKJC8HYxvZ/X2E9dGxOoRJwn3IzpUIhSMorXaQT+7v/Cm/XLFrbpzkVXwcqhArka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXYuKRtz42XzdKTmzzoCEsbZPIZm7vycyGhkziQLbGVEcmeXazPyv1k0xvPYzoZIUuWKLj8JUEozJ7HYyEJozlBMLlGlhdyVsRDVlaBMq2RC85ZNXoXVZ9Sw/1Cr1mzyOIpzAKZyDB1dQhztoQBMYjOEZXuHNSZwX5935WLQWnHzmGP7I+fwBshSPIg==</latexit><latexit sha1_base64="LwOEvZG6tsrLM9p/zFnxWW88ucU=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8GJJpKDHohfBSwX7AW0om+2mXbrZhN2JUEJ/hBcPinj193jz37htc9DWFxYe3plhZ94gkcKg6347hbX1jc2t4nZpZ3dv/6B8eNQycaoZb7JYxroTUMOlULyJAiXvJJrTKJC8HYxvZ/X2E9dGxOoRJwn3IzpUIhSMorXaQT+7v/Cm/XLFrbpzkVXwcqhArka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXYuKRtz42XzdKTmzzoCEsbZPIZm7vycyGhkziQLbGVEcmeXazPyv1k0xvPYzoZIUuWKLj8JUEozJ7HYyEJozlBMLlGlhdyVsRDVlaBMq2RC85ZNXoXVZ9Sw/1Cr1mzyOIpzAKZyDB1dQhztoQBMYjOEZXuHNSZwX5935WLQWnHzmGP7I+fwBshSPIg==</latexit><latexit sha1_base64="LwOEvZG6tsrLM9p/zFnxWW88ucU=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8GJJpKDHohfBSwX7AW0om+2mXbrZhN2JUEJ/hBcPinj193jz37htc9DWFxYe3plhZ94gkcKg6347hbX1jc2t4nZpZ3dv/6B8eNQycaoZb7JYxroTUMOlULyJAiXvJJrTKJC8HYxvZ/X2E9dGxOoRJwn3IzpUIhSMorXaQT+7v/Cm/XLFrbpzkVXwcqhArka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXYuKRtz42XzdKTmzzoCEsbZPIZm7vycyGhkziQLbGVEcmeXazPyv1k0xvPYzoZIUuWKLj8JUEozJ7HYyEJozlBMLlGlhdyVsRDVlaBMq2RC85ZNXoXVZ9Sw/1Cr1mzyOIpzAKZyDB1dQhztoQBMYjOEZXuHNSZwX5935WLQWnHzmGP7I+fwBshSPIg==</latexit><latexit sha1_base64="LwOEvZG6tsrLM9p/zFnxWW88ucU=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8GJJpKDHohfBSwX7AW0om+2mXbrZhN2JUEJ/hBcPinj193jz37htc9DWFxYe3plhZ94gkcKg6347hbX1jc2t4nZpZ3dv/6B8eNQycaoZb7JYxroTUMOlULyJAiXvJJrTKJC8HYxvZ/X2E9dGxOoRJwn3IzpUIhSMorXaQT+7v/Cm/XLFrbpzkVXwcqhArka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXYuKRtz42XzdKTmzzoCEsbZPIZm7vycyGhkziQLbGVEcmeXazPyv1k0xvPYzoZIUuWKLj8JUEozJ7HYyEJozlBMLlGlhdyVsRDVlaBMq2RC85ZNXoXVZ9Sw/1Cr1mzyOIpzAKZyDB1dQhztoQBMYjOEZXuHNSZwX5935WLQWnHzmGP7I+fwBshSPIg==</latexit>

bP (yi > r1)
<latexit sha1_base64="JEWZgW/c9FbzIeNeK3w5m6yuKL4=">AAAB/XicbZDLSsNAFIYn9VbrLV52boJFqJuSiKArKbpxWcFeoA1hMjlph04mYWaixFB8FTcuFHHre7jzbZy2WWjrDwMf/zmHc+b3E0alsu1vo7S0vLK6Vl6vbGxube+Yu3ttGaeCQIvELBZdH0tglENLUcWgmwjAkc+g44+uJ/XOPQhJY36nsgTcCA84DSnBSlueedB/oAEMscqb41rm0UvhOSeeWbXr9lTWIjgFVFGhpmd+9YOYpBFwRRiWsufYiXJzLBQlDMaVfiohwWSEB9DTyHEE0s2n14+tY+0EVhgL/biypu7viRxHUmaRrzsjrIZyvjYx/6v1UhVeuDnlSaqAk9miMGWWiq1JFFZABRDFMg2YCKpvtcgQC0yUDqyiQ3Dmv7wI7dO6o/n2rNq4KuIoo0N0hGrIQeeogW5QE7UQQY/oGb2iN+PJeDHejY9Za8koZvbRHxmfP9pzlM8=</latexit><latexit sha1_base64="JEWZgW/c9FbzIeNeK3w5m6yuKL4=">AAAB/XicbZDLSsNAFIYn9VbrLV52boJFqJuSiKArKbpxWcFeoA1hMjlph04mYWaixFB8FTcuFHHre7jzbZy2WWjrDwMf/zmHc+b3E0alsu1vo7S0vLK6Vl6vbGxube+Yu3ttGaeCQIvELBZdH0tglENLUcWgmwjAkc+g44+uJ/XOPQhJY36nsgTcCA84DSnBSlueedB/oAEMscqb41rm0UvhOSeeWbXr9lTWIjgFVFGhpmd+9YOYpBFwRRiWsufYiXJzLBQlDMaVfiohwWSEB9DTyHEE0s2n14+tY+0EVhgL/biypu7viRxHUmaRrzsjrIZyvjYx/6v1UhVeuDnlSaqAk9miMGWWiq1JFFZABRDFMg2YCKpvtcgQC0yUDqyiQ3Dmv7wI7dO6o/n2rNq4KuIoo0N0hGrIQeeogW5QE7UQQY/oGb2iN+PJeDHejY9Za8koZvbRHxmfP9pzlM8=</latexit><latexit sha1_base64="JEWZgW/c9FbzIeNeK3w5m6yuKL4=">AAAB/XicbZDLSsNAFIYn9VbrLV52boJFqJuSiKArKbpxWcFeoA1hMjlph04mYWaixFB8FTcuFHHre7jzbZy2WWjrDwMf/zmHc+b3E0alsu1vo7S0vLK6Vl6vbGxube+Yu3ttGaeCQIvELBZdH0tglENLUcWgmwjAkc+g44+uJ/XOPQhJY36nsgTcCA84DSnBSlueedB/oAEMscqb41rm0UvhOSeeWbXr9lTWIjgFVFGhpmd+9YOYpBFwRRiWsufYiXJzLBQlDMaVfiohwWSEB9DTyHEE0s2n14+tY+0EVhgL/biypu7viRxHUmaRrzsjrIZyvjYx/6v1UhVeuDnlSaqAk9miMGWWiq1JFFZABRDFMg2YCKpvtcgQC0yUDqyiQ3Dmv7wI7dO6o/n2rNq4KuIoo0N0hGrIQeeogW5QE7UQQY/oGb2iN+PJeDHejY9Za8koZvbRHxmfP9pzlM8=</latexit><latexit sha1_base64="JEWZgW/c9FbzIeNeK3w5m6yuKL4=">AAAB/XicbZDLSsNAFIYn9VbrLV52boJFqJuSiKArKbpxWcFeoA1hMjlph04mYWaixFB8FTcuFHHre7jzbZy2WWjrDwMf/zmHc+b3E0alsu1vo7S0vLK6Vl6vbGxube+Yu3ttGaeCQIvELBZdH0tglENLUcWgmwjAkc+g44+uJ/XOPQhJY36nsgTcCA84DSnBSlueedB/oAEMscqb41rm0UvhOSeeWbXr9lTWIjgFVFGhpmd+9YOYpBFwRRiWsufYiXJzLBQlDMaVfiohwWSEB9DTyHEE0s2n14+tY+0EVhgL/biypu7viRxHUmaRrzsjrIZyvjYx/6v1UhVeuDnlSaqAk9miMGWWiq1JFFZABRDFMg2YCKpvtcgQC0yUDqyiQ3Dmv7wI7dO6o/n2rNq4KuIoo0N0hGrIQeeogW5QE7UQQY/oGb2iN+PJeDHejY9Za8koZvbRHxmfP9pzlM8=</latexit>

bP (yi > r2)
<latexit sha1_base64="TTPnmRaLx/eL+eApEw1jpI9oVN4=">AAAB/XicbZDLSsNAFIZPvNZ6i5edm2AR6qYkRdCVFN24rGAv0IYwmUzaoZNJmJkoMRRfxY0LRdz6Hu58G6dtFtr6w8DHf87hnPn9hFGpbPvbWFpeWV1bL22UN7e2d3bNvf22jFOBSQvHLBZdH0nCKCctRRUj3UQQFPmMdPzR9aTeuSdC0pjfqSwhboQGnIYUI6UtzzzsP9CADJHKm+Nq5tFL4dVPPbNi1+yprEVwCqhAoaZnfvWDGKcR4QozJGXPsRPl5kgoihkZl/upJAnCIzQgPY0cRUS6+fT6sXWincAKY6EfV9bU/T2Ro0jKLPJ1Z4TUUM7XJuZ/tV6qwgs3pzxJFeF4tihMmaViaxKFFVBBsGKZBoQF1bdaeIgEwkoHVtYhOPNfXoR2veZovj2rNK6KOEpwBMdQBQfOoQE30IQWYHiEZ3iFN+PJeDHejY9Z65JRzBzAHxmfP9v4lNA=</latexit><latexit sha1_base64="TTPnmRaLx/eL+eApEw1jpI9oVN4=">AAAB/XicbZDLSsNAFIZPvNZ6i5edm2AR6qYkRdCVFN24rGAv0IYwmUzaoZNJmJkoMRRfxY0LRdz6Hu58G6dtFtr6w8DHf87hnPn9hFGpbPvbWFpeWV1bL22UN7e2d3bNvf22jFOBSQvHLBZdH0nCKCctRRUj3UQQFPmMdPzR9aTeuSdC0pjfqSwhboQGnIYUI6UtzzzsP9CADJHKm+Nq5tFL4dVPPbNi1+yprEVwCqhAoaZnfvWDGKcR4QozJGXPsRPl5kgoihkZl/upJAnCIzQgPY0cRUS6+fT6sXWincAKY6EfV9bU/T2Ro0jKLPJ1Z4TUUM7XJuZ/tV6qwgs3pzxJFeF4tihMmaViaxKFFVBBsGKZBoQF1bdaeIgEwkoHVtYhOPNfXoR2veZovj2rNK6KOEpwBMdQBQfOoQE30IQWYHiEZ3iFN+PJeDHejY9Z65JRzBzAHxmfP9v4lNA=</latexit><latexit sha1_base64="TTPnmRaLx/eL+eApEw1jpI9oVN4=">AAAB/XicbZDLSsNAFIZPvNZ6i5edm2AR6qYkRdCVFN24rGAv0IYwmUzaoZNJmJkoMRRfxY0LRdz6Hu58G6dtFtr6w8DHf87hnPn9hFGpbPvbWFpeWV1bL22UN7e2d3bNvf22jFOBSQvHLBZdH0nCKCctRRUj3UQQFPmMdPzR9aTeuSdC0pjfqSwhboQGnIYUI6UtzzzsP9CADJHKm+Nq5tFL4dVPPbNi1+yprEVwCqhAoaZnfvWDGKcR4QozJGXPsRPl5kgoihkZl/upJAnCIzQgPY0cRUS6+fT6sXWincAKY6EfV9bU/T2Ro0jKLPJ1Z4TUUM7XJuZ/tV6qwgs3pzxJFeF4tihMmaViaxKFFVBBsGKZBoQF1bdaeIgEwkoHVtYhOPNfXoR2veZovj2rNK6KOEpwBMdQBQfOoQE30IQWYHiEZ3iFN+PJeDHejY9Z65JRzBzAHxmfP9v4lNA=</latexit><latexit sha1_base64="TTPnmRaLx/eL+eApEw1jpI9oVN4=">AAAB/XicbZDLSsNAFIZPvNZ6i5edm2AR6qYkRdCVFN24rGAv0IYwmUzaoZNJmJkoMRRfxY0LRdz6Hu58G6dtFtr6w8DHf87hnPn9hFGpbPvbWFpeWV1bL22UN7e2d3bNvf22jFOBSQvHLBZdH0nCKCctRRUj3UQQFPmMdPzR9aTeuSdC0pjfqSwhboQGnIYUI6UtzzzsP9CADJHKm+Nq5tFL4dVPPbNi1+yprEVwCqhAoaZnfvWDGKcR4QozJGXPsRPl5kgoihkZl/upJAnCIzQgPY0cRUS6+fT6sXWincAKY6EfV9bU/T2Ro0jKLPJ1Z4TUUM7XJuZ/tV6qwgs3pzxJFeF4tihMmaViaxKFFVBBsGKZBoQF1bdaeIgEwkoHVtYhOPNfXoR2veZovj2rNK6KOEpwBMdQBQfOoQE30IQWYHiEZ3iFN+PJeDHejY9Z65JRzBzAHxmfP9v4lNA=</latexit>

bP (yi > rK�1)
<latexit sha1_base64="EsrSGPlu5mWGfLIJjs5E47reN0Y=">AAACAXicbZDLSsNAFIYn9VbrLepGcDNYhLqwJCLoSopuBDcV7AXaECaTSTt0MgkzEyWEuPFV3LhQxK1v4c63cdpmoa0/DHz85xzOnN+LGZXKsr6N0sLi0vJKebWytr6xuWVu77RllAhMWjhikeh6SBJGOWkpqhjpxoKg0GOk442uxvXOPRGSRvxOpTFxQjTgNKAYKW255l7/gfpkiFTWzGupSy+Em90c2/mRa1atujURnAe7gCoo1HTNr74f4SQkXGGGpOzZVqycDAlFMSN5pZ9IEiM8QgPS08hRSKSTTS7I4aF2fBhEQj+u4MT9PZGhUMo09HRniNRQztbG5n+1XqKCcyejPE4U4Xi6KEgYVBEcxwF9KghWLNWAsKD6rxAPkUBY6dAqOgR79uR5aJ/Ubc23p9XGZRFHGeyDA1ADNjgDDXANmqAFMHgEz+AVvBlPxovxbnxMW0tGMbML/sj4/AG94JZn</latexit><latexit sha1_base64="EsrSGPlu5mWGfLIJjs5E47reN0Y=">AAACAXicbZDLSsNAFIYn9VbrLepGcDNYhLqwJCLoSopuBDcV7AXaECaTSTt0MgkzEyWEuPFV3LhQxK1v4c63cdpmoa0/DHz85xzOnN+LGZXKsr6N0sLi0vJKebWytr6xuWVu77RllAhMWjhikeh6SBJGOWkpqhjpxoKg0GOk442uxvXOPRGSRvxOpTFxQjTgNKAYKW255l7/gfpkiFTWzGupSy+Em90c2/mRa1atujURnAe7gCoo1HTNr74f4SQkXGGGpOzZVqycDAlFMSN5pZ9IEiM8QgPS08hRSKSTTS7I4aF2fBhEQj+u4MT9PZGhUMo09HRniNRQztbG5n+1XqKCcyejPE4U4Xi6KEgYVBEcxwF9KghWLNWAsKD6rxAPkUBY6dAqOgR79uR5aJ/Ubc23p9XGZRFHGeyDA1ADNjgDDXANmqAFMHgEz+AVvBlPxovxbnxMW0tGMbML/sj4/AG94JZn</latexit><latexit sha1_base64="EsrSGPlu5mWGfLIJjs5E47reN0Y=">AAACAXicbZDLSsNAFIYn9VbrLepGcDNYhLqwJCLoSopuBDcV7AXaECaTSTt0MgkzEyWEuPFV3LhQxK1v4c63cdpmoa0/DHz85xzOnN+LGZXKsr6N0sLi0vJKebWytr6xuWVu77RllAhMWjhikeh6SBJGOWkpqhjpxoKg0GOk442uxvXOPRGSRvxOpTFxQjTgNKAYKW255l7/gfpkiFTWzGupSy+Em90c2/mRa1atujURnAe7gCoo1HTNr74f4SQkXGGGpOzZVqycDAlFMSN5pZ9IEiM8QgPS08hRSKSTTS7I4aF2fBhEQj+u4MT9PZGhUMo09HRniNRQztbG5n+1XqKCcyejPE4U4Xi6KEgYVBEcxwF9KghWLNWAsKD6rxAPkUBY6dAqOgR79uR5aJ/Ubc23p9XGZRFHGeyDA1ADNjgDDXANmqAFMHgEz+AVvBlPxovxbnxMW0tGMbML/sj4/AG94JZn</latexit><latexit sha1_base64="EsrSGPlu5mWGfLIJjs5E47reN0Y=">AAACAXicbZDLSsNAFIYn9VbrLepGcDNYhLqwJCLoSopuBDcV7AXaECaTSTt0MgkzEyWEuPFV3LhQxK1v4c63cdpmoa0/DHz85xzOnN+LGZXKsr6N0sLi0vJKebWytr6xuWVu77RllAhMWjhikeh6SBJGOWkpqhjpxoKg0GOk442uxvXOPRGSRvxOpTFxQjTgNKAYKW255l7/gfpkiFTWzGupSy+Em90c2/mRa1atujURnAe7gCoo1HTNr74f4SQkXGGGpOzZVqycDAlFMSN5pZ9IEiM8QgPS08hRSKSTTS7I4aF2fBhEQj+u4MT9PZGhUMo09HRniNRQztbG5n+1XqKCcyejPE4U4Xi6KEgYVBEcxwF9KghWLNWAsKD6rxAPkUBY6dAqOgR79uR5aJ/Ubc23p9XGZRFHGeyDA1ADNjgDDXANmqAFMHgEz+AVvBlPxovxbnxMW0tGMbML/sj4/AG94JZn</latexit>{ <latexit sha1_base64="tFROaEGhmnnMpUlcEPFjR2z/BNI=">AAAB6XicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDL+27Vq3lzkVXwC6hCoUbf/eoNEpbFKA0TVOuu76UmyKkynAmcVnqZxpSyMR1i16KkMeogn286JWfWGZAoUfZJQ+bu74mcxlpP4tB2xtSM9HJtZv5X62Ymug5yLtPMoGSLj6JMEJOQ2dlkwBUyIyYWKFPc7krYiCrKjA2nYkPwl09ehdZFzbd8f1mt3xRxlOEETuEcfLiCOtxBA5rAIIJneIU3Z+y8OO/Ox6K15BQzx/BHzucPm4aNZQ==</latexit><latexit sha1_base64="tFROaEGhmnnMpUlcEPFjR2z/BNI=">AAAB6XicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDL+27Vq3lzkVXwC6hCoUbf/eoNEpbFKA0TVOuu76UmyKkynAmcVnqZxpSyMR1i16KkMeogn286JWfWGZAoUfZJQ+bu74mcxlpP4tB2xtSM9HJtZv5X62Ymug5yLtPMoGSLj6JMEJOQ2dlkwBUyIyYWKFPc7krYiCrKjA2nYkPwl09ehdZFzbd8f1mt3xRxlOEETuEcfLiCOtxBA5rAIIJneIU3Z+y8OO/Ox6K15BQzx/BHzucPm4aNZQ==</latexit><latexit sha1_base64="tFROaEGhmnnMpUlcEPFjR2z/BNI=">AAAB6XicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDL+27Vq3lzkVXwC6hCoUbf/eoNEpbFKA0TVOuu76UmyKkynAmcVnqZxpSyMR1i16KkMeogn286JWfWGZAoUfZJQ+bu74mcxlpP4tB2xtSM9HJtZv5X62Ymug5yLtPMoGSLj6JMEJOQ2dlkwBUyIyYWKFPc7krYiCrKjA2nYkPwl09ehdZFzbd8f1mt3xRxlOEETuEcfLiCOtxBA5rAIIJneIU3Z+y8OO/Ox6K15BQzx/BHzucPm4aNZQ==</latexit><latexit sha1_base64="tFROaEGhmnnMpUlcEPFjR2z/BNI=">AAAB6XicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDL+27Vq3lzkVXwC6hCoUbf/eoNEpbFKA0TVOuu76UmyKkynAmcVnqZxpSyMR1i16KkMeogn286JWfWGZAoUfZJQ+bu74mcxlpP4tB2xtSM9HJtZv5X62Ymug5yLtPMoGSLj6JMEJOQ2dlkwBUyIyYWKFPc7krYiCrKjA2nYkPwl09ehdZFzbd8f1mt3xRxlOEETuEcfLiCOtxBA5rAIIJneIU3Z+y8OO/Ox6K15BQzx/BHzucPm4aNZQ==</latexit>

Tasks

{
<latexit sha1_base64="tFROaEGhmnnMpUlcEPFjR2z/BNI=">AAAB6XicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDL+27Vq3lzkVXwC6hCoUbf/eoNEpbFKA0TVOuu76UmyKkynAmcVnqZxpSyMR1i16KkMeogn286JWfWGZAoUfZJQ+bu74mcxlpP4tB2xtSM9HJtZv5X62Ymug5yLtPMoGSLj6JMEJOQ2dlkwBUyIyYWKFPc7krYiCrKjA2nYkPwl09ehdZFzbd8f1mt3xRxlOEETuEcfLiCOtxBA5rAIIJneIU3Z+y8OO/Ox6K15BQzx/BHzucPm4aNZQ==</latexit><latexit sha1_base64="tFROaEGhmnnMpUlcEPFjR2z/BNI=">AAAB6XicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDL+27Vq3lzkVXwC6hCoUbf/eoNEpbFKA0TVOuu76UmyKkynAmcVnqZxpSyMR1i16KkMeogn286JWfWGZAoUfZJQ+bu74mcxlpP4tB2xtSM9HJtZv5X62Ymug5yLtPMoGSLj6JMEJOQ2dlkwBUyIyYWKFPc7krYiCrKjA2nYkPwl09ehdZFzbd8f1mt3xRxlOEETuEcfLiCOtxBA5rAIIJneIU3Z+y8OO/Ox6K15BQzx/BHzucPm4aNZQ==</latexit><latexit sha1_base64="tFROaEGhmnnMpUlcEPFjR2z/BNI=">AAAB6XicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDL+27Vq3lzkVXwC6hCoUbf/eoNEpbFKA0TVOuu76UmyKkynAmcVnqZxpSyMR1i16KkMeogn286JWfWGZAoUfZJQ+bu74mcxlpP4tB2xtSM9HJtZv5X62Ymug5yLtPMoGSLj6JMEJOQ2dlkwBUyIyYWKFPc7krYiCrKjA2nYkPwl09ehdZFzbd8f1mt3xRxlOEETuEcfLiCOtxBA5rAIIJneIU3Z+y8OO/Ox6K15BQzx/BHzucPm4aNZQ==</latexit><latexit sha1_base64="tFROaEGhmnnMpUlcEPFjR2z/BNI=">AAAB6XicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDL+27Vq3lzkVXwC6hCoUbf/eoNEpbFKA0TVOuu76UmyKkynAmcVnqZxpSyMR1i16KkMeogn286JWfWGZAoUfZJQ+bu74mcxlpP4tB2xtSM9HJtZv5X62Ymug5yLtPMoGSLj6JMEJOQ2dlkwBUyIyYWKFPc7krYiCrKjA2nYkPwl09ehdZFzbd8f1mt3xRxlOEETuEcfLiCOtxBA5rAIIJneIU3Z+y8OO/Ox6K15BQzx/BHzucPm4aNZQ==</latexit>

a1
<latexit sha1_base64="i5nKWL2osYHJ2SU7NvALg/zpMfE=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTJdtMu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkU5Q1aSIS1QlRM8ElaxpuBOukimEcCtYOx7ezevuJKc0T+WgmKQtiHEoecYrGWg/Y9/tu1at5c5FV8AuoQqFG3/3qDRKaxUwaKlDrru+lJshRGU4Fm1Z6mWYp0jEOWdeixJjpIJ+vOiVn1hmQKFH2SUPm7u+JHGOtJ3FoO2M0I71cm5n/1bqZia6DnMs0M0zSxUdRJohJyOxuMuCKUSMmFpAqbncldIQKqbHpVGwI/vLJq9C6qPmW7y+r9ZsijjKcwCmcgw9XUIc7aEATKAzhGV7hzRHOi/PufCxaS04xcwx/5Hz+AOiZjYk=</latexit><latexit sha1_base64="i5nKWL2osYHJ2SU7NvALg/zpMfE=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTJdtMu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkU5Q1aSIS1QlRM8ElaxpuBOukimEcCtYOx7ezevuJKc0T+WgmKQtiHEoecYrGWg/Y9/tu1at5c5FV8AuoQqFG3/3qDRKaxUwaKlDrru+lJshRGU4Fm1Z6mWYp0jEOWdeixJjpIJ+vOiVn1hmQKFH2SUPm7u+JHGOtJ3FoO2M0I71cm5n/1bqZia6DnMs0M0zSxUdRJohJyOxuMuCKUSMmFpAqbncldIQKqbHpVGwI/vLJq9C6qPmW7y+r9ZsijjKcwCmcgw9XUIc7aEATKAzhGV7hzRHOi/PufCxaS04xcwx/5Hz+AOiZjYk=</latexit><latexit sha1_base64="i5nKWL2osYHJ2SU7NvALg/zpMfE=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTJdtMu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkU5Q1aSIS1QlRM8ElaxpuBOukimEcCtYOx7ezevuJKc0T+WgmKQtiHEoecYrGWg/Y9/tu1at5c5FV8AuoQqFG3/3qDRKaxUwaKlDrru+lJshRGU4Fm1Z6mWYp0jEOWdeixJjpIJ+vOiVn1hmQKFH2SUPm7u+JHGOtJ3FoO2M0I71cm5n/1bqZia6DnMs0M0zSxUdRJohJyOxuMuCKUSMmFpAqbncldIQKqbHpVGwI/vLJq9C6qPmW7y+r9ZsijjKcwCmcgw9XUIc7aEATKAzhGV7hzRHOi/PufCxaS04xcwx/5Hz+AOiZjYk=</latexit><latexit sha1_base64="i5nKWL2osYHJ2SU7NvALg/zpMfE=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTJdtMu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkU5Q1aSIS1QlRM8ElaxpuBOukimEcCtYOx7ezevuJKc0T+WgmKQtiHEoecYrGWg/Y9/tu1at5c5FV8AuoQqFG3/3qDRKaxUwaKlDrru+lJshRGU4Fm1Z6mWYp0jEOWdeixJjpIJ+vOiVn1hmQKFH2SUPm7u+JHGOtJ3FoO2M0I71cm5n/1bqZia6DnMs0M0zSxUdRJohJyOxuMuCKUSMmFpAqbncldIQKqbHpVGwI/vLJq9C6qPmW7y+r9ZsijjKcwCmcgw9XUIc7aEATKAzhGV7hzRHOi/PufCxaS04xcwx/5Hz+AOiZjYk=</latexit>

a2
<latexit sha1_base64="fHY8L0Lq6jayN2ybi5nRkuRgM8k=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSItRj0YvHivYD2lAm2027dLMJuxuhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqaKsRWMRq26AmgkuWctwI1g3UQyjQLBOMLmd1ztPTGkey0czTZgf4UjykFM01nrAQW1QrrhVdyGyDl4OFcjVHJS/+sOYphGThgrUuue5ifEzVIZTwWalfqpZgnSCI9azKDFi2s8Wq87IhXWGJIyVfdKQhft7IsNI62kU2M4IzViv1ubmf7VeasJrP+MySQ2TdPlRmApiYjK/mwy5YtSIqQWkittdCR2jQmpsOiUbgrd68jq0a1XP8v1VpXGTx1GEMziHS/CgDg24gya0gMIInuEV3hzhvDjvzseyteDkM6fwR87nD+odjYo=</latexit><latexit sha1_base64="fHY8L0Lq6jayN2ybi5nRkuRgM8k=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSItRj0YvHivYD2lAm2027dLMJuxuhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqaKsRWMRq26AmgkuWctwI1g3UQyjQLBOMLmd1ztPTGkey0czTZgf4UjykFM01nrAQW1QrrhVdyGyDl4OFcjVHJS/+sOYphGThgrUuue5ifEzVIZTwWalfqpZgnSCI9azKDFi2s8Wq87IhXWGJIyVfdKQhft7IsNI62kU2M4IzViv1ubmf7VeasJrP+MySQ2TdPlRmApiYjK/mwy5YtSIqQWkittdCR2jQmpsOiUbgrd68jq0a1XP8v1VpXGTx1GEMziHS/CgDg24gya0gMIInuEV3hzhvDjvzseyteDkM6fwR87nD+odjYo=</latexit><latexit sha1_base64="fHY8L0Lq6jayN2ybi5nRkuRgM8k=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSItRj0YvHivYD2lAm2027dLMJuxuhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqaKsRWMRq26AmgkuWctwI1g3UQyjQLBOMLmd1ztPTGkey0czTZgf4UjykFM01nrAQW1QrrhVdyGyDl4OFcjVHJS/+sOYphGThgrUuue5ifEzVIZTwWalfqpZgnSCI9azKDFi2s8Wq87IhXWGJIyVfdKQhft7IsNI62kU2M4IzViv1ubmf7VeasJrP+MySQ2TdPlRmApiYjK/mwy5YtSIqQWkittdCR2jQmpsOiUbgrd68jq0a1XP8v1VpXGTx1GEMziHS/CgDg24gya0gMIInuEV3hzhvDjvzseyteDkM6fwR87nD+odjYo=</latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="5EnDFfMDBOio/2eay9En10Yo+dY=">AAAB33icbZBLSwMxFIXv+Ky1anXrJlgEV2WmG10KblxWtA9oh5JJ77ShmcyQ3BHK0J/gxoUi/it3/hvTx0JbDwQ+zknIvSfKlLTk+9/e1vbO7t5+6aB8WDk6PqmeVto2zY3AlkhVaroRt6ikxhZJUtjNDPIkUtiJJnfzvPOMxspUP9E0wzDhIy1jKTg565EPGoNqza/7C7FNCFZQg5Wag+pXf5iKPEFNQnFre4GfUVhwQ1IonJX7ucWMiwkfYc+h5gnasFiMOmOXzhmyODXuaGIL9/eLgifWTpPI3Uw4je16Njf/y3o5xTdhIXWWE2qx/CjOFaOUzfdmQ2lQkJo64MJINysTY264INdO2ZUQrK+8Ce1GPXD84EMJzuECriCAa7iFe2hCCwSM4AXe4N1T3qv3saxry1v1dgZ/5H3+AM+5jDU=</latexit><latexit sha1_base64="5EnDFfMDBOio/2eay9En10Yo+dY=">AAAB33icbZBLSwMxFIXv+Ky1anXrJlgEV2WmG10KblxWtA9oh5JJ77ShmcyQ3BHK0J/gxoUi/it3/hvTx0JbDwQ+zknIvSfKlLTk+9/e1vbO7t5+6aB8WDk6PqmeVto2zY3AlkhVaroRt6ikxhZJUtjNDPIkUtiJJnfzvPOMxspUP9E0wzDhIy1jKTg565EPGoNqza/7C7FNCFZQg5Wag+pXf5iKPEFNQnFre4GfUVhwQ1IonJX7ucWMiwkfYc+h5gnasFiMOmOXzhmyODXuaGIL9/eLgifWTpPI3Uw4je16Njf/y3o5xTdhIXWWE2qx/CjOFaOUzfdmQ2lQkJo64MJINysTY264INdO2ZUQrK+8Ce1GPXD84EMJzuECriCAa7iFe2hCCwSM4AXe4N1T3qv3saxry1v1dgZ/5H3+AM+5jDU=</latexit><latexit sha1_base64="p8tLOQbHVpAOVm/uqaDbqhYE8i4=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FSSXvRY9OKxov2ANpTJdtMu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTuljc2t7Z3ybmVv/+DwyD0+aeskU5S1aCIS1Q1RM8ElaxluBOumimEcCtYJJ7fzeueJKc0T+WimKQtiHEkecYrGWg84qA/cqlfzFiLr4BdQhULNgfvVHyY0i5k0VKDWPd9LTZCjMpwKNqv0M81SpBMcsZ5FiTHTQb5YdUYurDMkUaLsk4Ys3N8TOcZaT+PQdsZoxnq1Njf/q/UyE10HOZdpZpiky4+iTBCTkPndZMgVo0ZMLSBV3O5K6BgVUmPTqdgQ/NWT16Fdr/mW771q46aIowxncA6X4MMVNOAOmtACCiN4hld4c4Tz4rw7H8vWklPMnMIfOZ8/6N2Nhg==</latexit><latexit sha1_base64="fHY8L0Lq6jayN2ybi5nRkuRgM8k=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSItRj0YvHivYD2lAm2027dLMJuxuhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqaKsRWMRq26AmgkuWctwI1g3UQyjQLBOMLmd1ztPTGkey0czTZgf4UjykFM01nrAQW1QrrhVdyGyDl4OFcjVHJS/+sOYphGThgrUuue5ifEzVIZTwWalfqpZgnSCI9azKDFi2s8Wq87IhXWGJIyVfdKQhft7IsNI62kU2M4IzViv1ubmf7VeasJrP+MySQ2TdPlRmApiYjK/mwy5YtSIqQWkittdCR2jQmpsOiUbgrd68jq0a1XP8v1VpXGTx1GEMziHS/CgDg24gya0gMIInuEV3hzhvDjvzseyteDkM6fwR87nD+odjYo=</latexit><latexit sha1_base64="fHY8L0Lq6jayN2ybi5nRkuRgM8k=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSItRj0YvHivYD2lAm2027dLMJuxuhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqaKsRWMRq26AmgkuWctwI1g3UQyjQLBOMLmd1ztPTGkey0czTZgf4UjykFM01nrAQW1QrrhVdyGyDl4OFcjVHJS/+sOYphGThgrUuue5ifEzVIZTwWalfqpZgnSCI9azKDFi2s8Wq87IhXWGJIyVfdKQhft7IsNI62kU2M4IzViv1ubmf7VeasJrP+MySQ2TdPlRmApiYjK/mwy5YtSIqQWkittdCR2jQmpsOiUbgrd68jq0a1XP8v1VpXGTx1GEMziHS/CgDg24gya0gMIInuEV3hzhvDjvzseyteDkM6fwR87nD+odjYo=</latexit><latexit sha1_base64="fHY8L0Lq6jayN2ybi5nRkuRgM8k=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSItRj0YvHivYD2lAm2027dLMJuxuhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqaKsRWMRq26AmgkuWctwI1g3UQyjQLBOMLmd1ztPTGkey0czTZgf4UjykFM01nrAQW1QrrhVdyGyDl4OFcjVHJS/+sOYphGThgrUuue5ifEzVIZTwWalfqpZgnSCI9azKDFi2s8Wq87IhXWGJIyVfdKQhft7IsNI62kU2M4IzViv1ubmf7VeasJrP+MySQ2TdPlRmApiYjK/mwy5YtSIqQWkittdCR2jQmpsOiUbgrd68jq0a1XP8v1VpXGTx1GEMziHS/CgDg24gya0gMIInuEV3hzhvDjvzseyteDkM6fwR87nD+odjYo=</latexit><latexit sha1_base64="fHY8L0Lq6jayN2ybi5nRkuRgM8k=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSItRj0YvHivYD2lAm2027dLMJuxuhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqaKsRWMRq26AmgkuWctwI1g3UQyjQLBOMLmd1ztPTGkey0czTZgf4UjykFM01nrAQW1QrrhVdyGyDl4OFcjVHJS/+sOYphGThgrUuue5ifEzVIZTwWalfqpZgnSCI9azKDFi2s8Wq87IhXWGJIyVfdKQhft7IsNI62kU2M4IzViv1ubmf7VeasJrP+MySQ2TdPlRmApiYjK/mwy5YtSIqQWkittdCR2jQmpsOiUbgrd68jq0a1XP8v1VpXGTx1GEMziHS/CgDg24gya0gMIInuEV3hzhvDjvzseyteDkM6fwR87nD+odjYo=</latexit><latexit sha1_base64="fHY8L0Lq6jayN2ybi5nRkuRgM8k=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSItRj0YvHivYD2lAm2027dLMJuxuhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqaKsRWMRq26AmgkuWctwI1g3UQyjQLBOMLmd1ztPTGkey0czTZgf4UjykFM01nrAQW1QrrhVdyGyDl4OFcjVHJS/+sOYphGThgrUuue5ifEzVIZTwWalfqpZgnSCI9azKDFi2s8Wq87IhXWGJIyVfdKQhft7IsNI62kU2M4IzViv1ubmf7VeasJrP+MySQ2TdPlRmApiYjK/mwy5YtSIqQWkittdCR2jQmpsOiUbgrd68jq0a1XP8v1VpXGTx1GEMziHS/CgDg24gya0gMIInuEV3hzhvDjvzseyteDkM6fwR87nD+odjYo=</latexit><latexit sha1_base64="fHY8L0Lq6jayN2ybi5nRkuRgM8k=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSItRj0YvHivYD2lAm2027dLMJuxuhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqaKsRWMRq26AmgkuWctwI1g3UQyjQLBOMLmd1ztPTGkey0czTZgf4UjykFM01nrAQW1QrrhVdyGyDl4OFcjVHJS/+sOYphGThgrUuue5ifEzVIZTwWalfqpZgnSCI9azKDFi2s8Wq87IhXWGJIyVfdKQhft7IsNI62kU2M4IzViv1ubmf7VeasJrP+MySQ2TdPlRmApiYjK/mwy5YtSIqQWkittdCR2jQmpsOiUbgrd68jq0a1XP8v1VpXGTx1GEMziHS/CgDg24gya0gMIInuEV3hzhvDjvzseyteDkM6fwR87nD+odjYo=</latexit>

am
<latexit sha1_base64="uGkhqy/YuhTKr1EIG2B45HDVWx0=">AAAB6nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHivYD2qXMptk2NMkuSVYopT/BiwdFvPqLvPlvTNs9aOsLgYd3ZsjMG6WCG+v7315hbX1jc6u4XdrZ3ds/KB8eNU2SacoaNBGJbkdomOCKNSy3grVTzVBGgrWi0e2s3npi2vBEPdpxykKJA8VjTtE66wF7sleu+FV/LrIKQQ4VyFXvlb+6/YRmkilLBRrTCfzUhhPUllPBpqVuZliKdIQD1nGoUDITTuarTsmZc/okTrR7ypK5+3tigtKYsYxcp0Q7NMu1mflfrZPZ+DqccJVmlim6+CjOBLEJmd1N+lwzasXYAVLN3a6EDlEjtS6dkgshWD55FZoX1cDx/WWldpPHUYQTOIVzCOAKanAHdWgAhQE8wyu8ecJ78d69j0VrwctnjuGPvM8fQ5iNxQ==</latexit><latexit sha1_base64="uGkhqy/YuhTKr1EIG2B45HDVWx0=">AAAB6nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHivYD2qXMptk2NMkuSVYopT/BiwdFvPqLvPlvTNs9aOsLgYd3ZsjMG6WCG+v7315hbX1jc6u4XdrZ3ds/KB8eNU2SacoaNBGJbkdomOCKNSy3grVTzVBGgrWi0e2s3npi2vBEPdpxykKJA8VjTtE66wF7sleu+FV/LrIKQQ4VyFXvlb+6/YRmkilLBRrTCfzUhhPUllPBpqVuZliKdIQD1nGoUDITTuarTsmZc/okTrR7ypK5+3tigtKYsYxcp0Q7NMu1mflfrZPZ+DqccJVmlim6+CjOBLEJmd1N+lwzasXYAVLN3a6EDlEjtS6dkgshWD55FZoX1cDx/WWldpPHUYQTOIVzCOAKanAHdWgAhQE8wyu8ecJ78d69j0VrwctnjuGPvM8fQ5iNxQ==</latexit><latexit sha1_base64="uGkhqy/YuhTKr1EIG2B45HDVWx0=">AAAB6nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHivYD2qXMptk2NMkuSVYopT/BiwdFvPqLvPlvTNs9aOsLgYd3ZsjMG6WCG+v7315hbX1jc6u4XdrZ3ds/KB8eNU2SacoaNBGJbkdomOCKNSy3grVTzVBGgrWi0e2s3npi2vBEPdpxykKJA8VjTtE66wF7sleu+FV/LrIKQQ4VyFXvlb+6/YRmkilLBRrTCfzUhhPUllPBpqVuZliKdIQD1nGoUDITTuarTsmZc/okTrR7ypK5+3tigtKYsYxcp0Q7NMu1mflfrZPZ+DqccJVmlim6+CjOBLEJmd1N+lwzasXYAVLN3a6EDlEjtS6dkgshWD55FZoX1cDx/WWldpPHUYQTOIVzCOAKanAHdWgAhQE8wyu8ecJ78d69j0VrwctnjuGPvM8fQ5iNxQ==</latexit><latexit sha1_base64="uGkhqy/YuhTKr1EIG2B45HDVWx0=">AAAB6nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHivYD2qXMptk2NMkuSVYopT/BiwdFvPqLvPlvTNs9aOsLgYd3ZsjMG6WCG+v7315hbX1jc6u4XdrZ3ds/KB8eNU2SacoaNBGJbkdomOCKNSy3grVTzVBGgrWi0e2s3npi2vBEPdpxykKJA8VjTtE66wF7sleu+FV/LrIKQQ4VyFXvlb+6/YRmkilLBRrTCfzUhhPUllPBpqVuZliKdIQD1nGoUDITTuarTsmZc/okTrR7ypK5+3tigtKYsYxcp0Q7NMu1mflfrZPZ+DqccJVmlim6+CjOBLEJmd1N+lwzasXYAVLN3a6EDlEjtS6dkgshWD55FZoX1cDx/WWldpPHUYQTOIVzCOAKanAHdWgAhQE8wyu8ecJ78d69j0VrwctnjuGPvM8fQ5iNxQ==</latexit>

bP (yi > rk) = s

� mX

j

wjaj + bk

�

<latexit sha1_base64="ODmb6Tbw4kN7qLYf/45mjVP376E="></latexit><latexit sha1_base64="ODmb6Tbw4kN7qLYf/45mjVP376E="></latexit><latexit sha1_base64="ODmb6Tbw4kN7qLYf/45mjVP376E="></latexit><latexit sha1_base64="ODmb6Tbw4kN7qLYf/45mjVP376E="></latexit>

Age label
[30]

<latexit sha1_base64="M7vmw7VbJIUf0IZQmzGANVHtQBA=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCrosunFZwV4gDWUynbRDZyZhZiKU0Fdw40IRt76QO9/GSZqFtv4w8PGfc5hz/jDhTBvX/XYqa+sbm1vV7drO7t7+Qf3wqKvjVBHaITGPVT/EmnImaccww2k/URSLkNNeOL3L670nqjSL5aOZJTQQeCxZxAg2ueVfusGw3nCbbiG0Cl4JDSjVHta/BqOYpIJKQzjW2vfcxAQZVoYRTue1QappgskUj6lvUWJBdZAVu87RmXVGKIqVfdKgwv09kWGh9UyEtlNgM9HLtdz8r+anJroJMiaT1FBJFh9FKUcmRvnhaMQUJYbPLGCimN0VkQlWmBgbT82G4C2fvArdi6Zn+eGq0bot46jCCZzCOXhwDS24hzZ0gMAEnuEV3hzhvDjvzseiteKUM8fwR87nD02+jb0=</latexit><latexit sha1_base64="M7vmw7VbJIUf0IZQmzGANVHtQBA=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCrosunFZwV4gDWUynbRDZyZhZiKU0Fdw40IRt76QO9/GSZqFtv4w8PGfc5hz/jDhTBvX/XYqa+sbm1vV7drO7t7+Qf3wqKvjVBHaITGPVT/EmnImaccww2k/URSLkNNeOL3L670nqjSL5aOZJTQQeCxZxAg2ueVfusGw3nCbbiG0Cl4JDSjVHta/BqOYpIJKQzjW2vfcxAQZVoYRTue1QappgskUj6lvUWJBdZAVu87RmXVGKIqVfdKgwv09kWGh9UyEtlNgM9HLtdz8r+anJroJMiaT1FBJFh9FKUcmRvnhaMQUJYbPLGCimN0VkQlWmBgbT82G4C2fvArdi6Zn+eGq0bot46jCCZzCOXhwDS24hzZ0gMAEnuEV3hzhvDjvzseiteKUM8fwR87nD02+jb0=</latexit><latexit sha1_base64="M7vmw7VbJIUf0IZQmzGANVHtQBA=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCrosunFZwV4gDWUynbRDZyZhZiKU0Fdw40IRt76QO9/GSZqFtv4w8PGfc5hz/jDhTBvX/XYqa+sbm1vV7drO7t7+Qf3wqKvjVBHaITGPVT/EmnImaccww2k/URSLkNNeOL3L670nqjSL5aOZJTQQeCxZxAg2ueVfusGw3nCbbiG0Cl4JDSjVHta/BqOYpIJKQzjW2vfcxAQZVoYRTue1QappgskUj6lvUWJBdZAVu87RmXVGKIqVfdKgwv09kWGh9UyEtlNgM9HLtdz8r+anJroJMiaT1FBJFh9FKUcmRvnhaMQUJYbPLGCimN0VkQlWmBgbT82G4C2fvArdi6Zn+eGq0bot46jCCZzCOXhwDS24hzZ0gMAEnuEV3hzhvDjvzseiteKUM8fwR87nD02+jb0=</latexit><latexit sha1_base64="M7vmw7VbJIUf0IZQmzGANVHtQBA=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCrosunFZwV4gDWUynbRDZyZhZiKU0Fdw40IRt76QO9/GSZqFtv4w8PGfc5hz/jDhTBvX/XYqa+sbm1vV7drO7t7+Qf3wqKvjVBHaITGPVT/EmnImaccww2k/URSLkNNeOL3L670nqjSL5aOZJTQQeCxZxAg2ueVfusGw3nCbbiG0Cl4JDSjVHta/BqOYpIJKQzjW2vfcxAQZVoYRTue1QappgskUj6lvUWJBdZAVu87RmXVGKIqVfdKgwv09kWGh9UyEtlNgM9HLtdz8r+anJroJMiaT1FBJFh9FKUcmRvnhaMQUJYbPLGCimN0VkQlWmBgbT82G4C2fvArdi6Zn+eGq0bot46jCCZzCOXhwDS24hzZ0gMAEnuEV3hzhvDjvzseiteKUM8fwR87nD02+jb0=</latexit>
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Label extension 
during training

Figure 1. Illustration of the Consistent Rank Logits CNN (CORAL-CNN) used for age prediction. From the estimated probability values, the binary labels
are obtained via Eq. (5) and converted to the age label via Eq. (1).

due to its high training complexity [1]. Our proposed CORAL
framework does neither require a cost matrix with convex-
row conditions nor explicit weighting terms that depend on
each training example to obtain a rank-monotonic threshold
model and to produce consistent predictions for each binary
task. Moreover, CORAL allows for an optional task impor-
tance weighting. The optional assignment of non-uniform task
importance weights, for example, may be used to address
label imbalances (Section III-E), which makes the CORAL
framework more applicable to real-world datasets.

B. Ordinal Regression with a Consistent Rank Logits Model

We propose the Consistent Rank Logits (CORAL) model for
multi-label CNNs with ordinal responses. Within this frame-
work, the binary tasks produce consistently ranked predictions.
The following two subsections describe the label extension
into binary tasks performed during training as well as the
loss function for parameterizing the neural network to predict
ordinal labels.

a) Label Extension and Rank Prediction.: Given the
training dataset D = {xi, yi}Ni=1, we first extend a rank
label yi into K � 1 binary labels y(1)i , . . . , y(K�1)

i such that
y(k)i 2 {0, 1} indicates whether yi exceeds rank rk, i.e.,
y(k)i = {yi > rk}. The indicator function {·} is 1 if
the inner condition is true, and 0 otherwise. Providing the
extended binary labels as model inputs, we train a single
CNN with K � 1 binary classifiers in the output layer. Here,
the K � 1 binary tasks share the same weight parameter but
have independent bias units, which solves the inconsistency
problem among the predicted binary responses and reduces
the model complexity (Figure 1).

Based on the binary task responses, the predicted rank for

an input xi is then obtained via

h(xi) = rq, (1)

q = 1 +
K�1X

k=1

fk(xi), (2)

where fk(xi) 2 {0, 1} is the prediction of the kth binary
classifier in the output layer. We require that {fk}K�1

k=1 reflect
the ordinal information and are rank-monotonic,

f1(xi) � f2(xi) � . . . , fK�1(xi),

which guarantees that the predictions are consistent.
b) Loss Function.: Let W denote the weight parameters

of the neural network excluding the bias units of the final
layer. The penultimate layer, whose output is denoted as
g(xi,W), shares a single weight with all nodes in the final
output layer. K � 1 independent bias units are then added
to g(xi,W) such that {g(xi,W) + bk}K�1

k=1 are the inputs
to the corresponding binary classifiers in the final layer. Let
s(z) = 1/(1+exp(�z)) be the logistic sigmoid function. The
predicted empirical probability for task k is defined as

(3)bP (y(k)i = 1) = s(g(xi,W) + bk).

For model training, we minimize the loss function

(4)

L(W,b) =

�
NX

i=1

K�1X

k=1

�(k)[ log(s(g(xi,W) + bk))y
(k)
i

+ log(1� s(g(xi,W) + bk))(1� y(k)i )],

which is the weighted cross-entropy of K�1 binary classifiers.
For rank prediction (Eq. 1), the binary labels are obtained via

(5)fk(xi) = { bP (y(k)i = 1) > 0.5}.
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OR-CNN CORAL-CNN

Figure 4. Plots show graphs of the predicted probabilities for each binary classifier task on one test data point in the MORPH-2 dataset by OR-CNN (left
subpanel) and CORAL-CNN (right subpanel). In this example, the ordinal regression CNN has an inconsistency at rank 26. The CORAL-CNN does not suffer
from inconsistencies such that the rank prediction is a cumulative distribution function.

Table 2
Average numbers of inconsistencies occurred on the different test datasets for CORAL-CNN and Niu et al’s Ordinal CNN. The penultimate column and last

column list the average numbers of inconsistencies focussing only on the correct and incorrect age predictions, respectively.

CORAL-CNN Ordinal-CNN [1] Ordinal-CNN [1] Ordinal-CNN [1]
All predictions All predictions Only correct predictions Only incorrect predictions

Morph
Seed 0 0 2.74 2.02 2.89
Seed 1 0 2.74 2.08 2.88
Seed 2 0 3.00 2.20 3.16
AFAD
Seed 0 0 2.32 1.78 2.40
Seed 1 0 2.35 1.83 2.43
Seed 2 0 2.55 1.97 2.63
UTKFace
Seed 0 0 4.79 3.64 4.92
Seed 1 0 5.73 4.05 5.95
Seed 2 0 5.07 3.84 5.21
CACD
Seed 0 0 5.06 4.55 5.10
Seed 1 0 5.40 4.76 5.44
Seed 2 0 5.56 4.87 5.61

Table 3
Performance comparison after training with and without task importance weighting (Eq. 7). The performance values are reported as average MAE ±

standard deviation from 3 independent runs each. All models are based on the ResNet-34 architecture.

Method Importance Weight MORPH-2 AFAD UTKFace CACD

OR-CNN [1] NO 2.97 ± 0.01 3.68 ± 0.02 5.74 ± 0.05 5.52 ± 0.02

OR-CNN [1] YES 2.91 ± 0.02 3.65 ± 0.03 5.76 ± 0.19 5.49 ± 0.02

CORAL-CNN (ours) NO 2.64 ± 0.04 3.49 ± 0.03 5.47 ± 0.01 5.39 ± 0.16

CORAL-CNN (ours) YES 2.59 ± 0.03 3.48 ± 0.03 5.39 ± 0.07 5.35 ± 0.09

Wenzhi Cao, Vahid Mirjalili, and Sebastian Raschka. "Rank-consistent ordinal regression for neural networks." 
arXiv:1901.07884 (2019).
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<latexit sha1_base64="sAAe226MpFncoK5AcSpzzUnkA9I=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjRfsBbSib7aZdutmE3YlSQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwALsI2g</latexit><latexit sha1_base64="sAAe226MpFncoK5AcSpzzUnkA9I=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjRfsBbSib7aZdutmE3YlSQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwALsI2g</latexit><latexit sha1_base64="sAAe226MpFncoK5AcSpzzUnkA9I=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjRfsBbSib7aZdutmE3YlSQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwALsI2g</latexit><latexit sha1_base64="sAAe226MpFncoK5AcSpzzUnkA9I=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjRfsBbSib7aZdutmE3YlSQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwALsI2g</latexit>

...

ResNet-34

7x7 AvgPool
stride=1

wm
<latexit sha1_base64="3SltFZgdSbEccduFdJMJ4sVJM+s=">AAAB6nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHirYW2qVk07QNTbJLMquUpT/BiwdFvPqLvPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wsrq2vlHcLG1t7+zulfcPmjZODeMNFsvYtCJquRSaN1Cg5K3EcKoiyR+i0fW0/vDIjRWxvsdxwkNFB1r0BaPorLunruqWK37Vn4ksQ5BDBXLVu+WvTi9mqeIamaTWtgM/wTCjBgWTfFLqpJYnlI3ogLcdaqq4DbPZqhNy4pwe6cfGPY1k5v6eyKiydqwi16koDu1ibWr+V2un2L8MM6GTFLlm84/6qSQYk+ndpCcMZyjHDigzwu1K2JAaytClU3IhBIsnL0PzrBo4vj2v1K7yOIpwBMdwCgFcQA1uoA4NYDCAZ3iFN096L9679zFvLXj5zCH8kff5A2Ucjds=</latexit><latexit sha1_base64="3SltFZgdSbEccduFdJMJ4sVJM+s=">AAAB6nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHirYW2qVk07QNTbJLMquUpT/BiwdFvPqLvPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wsrq2vlHcLG1t7+zulfcPmjZODeMNFsvYtCJquRSaN1Cg5K3EcKoiyR+i0fW0/vDIjRWxvsdxwkNFB1r0BaPorLunruqWK37Vn4ksQ5BDBXLVu+WvTi9mqeIamaTWtgM/wTCjBgWTfFLqpJYnlI3ogLcdaqq4DbPZqhNy4pwe6cfGPY1k5v6eyKiydqwi16koDu1ibWr+V2un2L8MM6GTFLlm84/6qSQYk+ndpCcMZyjHDigzwu1K2JAaytClU3IhBIsnL0PzrBo4vj2v1K7yOIpwBMdwCgFcQA1uoA4NYDCAZ3iFN096L9679zFvLXj5zCH8kff5A2Ucjds=</latexit><latexit sha1_base64="3SltFZgdSbEccduFdJMJ4sVJM+s=">AAAB6nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHirYW2qVk07QNTbJLMquUpT/BiwdFvPqLvPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wsrq2vlHcLG1t7+zulfcPmjZODeMNFsvYtCJquRSaN1Cg5K3EcKoiyR+i0fW0/vDIjRWxvsdxwkNFB1r0BaPorLunruqWK37Vn4ksQ5BDBXLVu+WvTi9mqeIamaTWtgM/wTCjBgWTfFLqpJYnlI3ogLcdaqq4DbPZqhNy4pwe6cfGPY1k5v6eyKiydqwi16koDu1ibWr+V2un2L8MM6GTFLlm84/6qSQYk+ndpCcMZyjHDigzwu1K2JAaytClU3IhBIsnL0PzrBo4vj2v1K7yOIpwBMdwCgFcQA1uoA4NYDCAZ3iFN096L9679zFvLXj5zCH8kff5A2Ucjds=</latexit><latexit sha1_base64="3SltFZgdSbEccduFdJMJ4sVJM+s=">AAAB6nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHirYW2qVk07QNTbJLMquUpT/BiwdFvPqLvPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wsrq2vlHcLG1t7+zulfcPmjZODeMNFsvYtCJquRSaN1Cg5K3EcKoiyR+i0fW0/vDIjRWxvsdxwkNFB1r0BaPorLunruqWK37Vn4ksQ5BDBXLVu+WvTi9mqeIamaTWtgM/wTCjBgWTfFLqpJYnlI3ogLcdaqq4DbPZqhNy4pwe6cfGPY1k5v6eyKiydqwi16koDu1ibWr+V2un2L8MM6GTFLlm84/6qSQYk+ndpCcMZyjHDigzwu1K2JAaytClU3IhBIsnL0PzrBo4vj2v1K7yOIpwBMdwCgFcQA1uoA4NYDCAZ3iFN096L9679zFvLXj5zCH8kff5A2Ucjds=</latexit> { <latexit sha1_base64="tFROaEGhmnnMpUlcEPFjR2z/BNI=">AAAB6XicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDL+27Vq3lzkVXwC6hCoUbf/eoNEpbFKA0TVOuu76UmyKkynAmcVnqZxpSyMR1i16KkMeogn286JWfWGZAoUfZJQ+bu74mcxlpP4tB2xtSM9HJtZv5X62Ymug5yLtPMoGSLj6JMEJOQ2dlkwBUyIyYWKFPc7krYiCrKjA2nYkPwl09ehdZFzbd8f1mt3xRxlOEETuEcfLiCOtxBA5rAIIJneIU3Z+y8OO/Ox6K15BQzx/BHzucPm4aNZQ==</latexit><latexit sha1_base64="tFROaEGhmnnMpUlcEPFjR2z/BNI=">AAAB6XicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDL+27Vq3lzkVXwC6hCoUbf/eoNEpbFKA0TVOuu76UmyKkynAmcVnqZxpSyMR1i16KkMeogn286JWfWGZAoUfZJQ+bu74mcxlpP4tB2xtSM9HJtZv5X62Ymug5yLtPMoGSLj6JMEJOQ2dlkwBUyIyYWKFPc7krYiCrKjA2nYkPwl09ehdZFzbd8f1mt3xRxlOEETuEcfLiCOtxBA5rAIIJneIU3Z+y8OO/Ox6K15BQzx/BHzucPm4aNZQ==</latexit><latexit sha1_base64="tFROaEGhmnnMpUlcEPFjR2z/BNI=">AAAB6XicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDL+27Vq3lzkVXwC6hCoUbf/eoNEpbFKA0TVOuu76UmyKkynAmcVnqZxpSyMR1i16KkMeogn286JWfWGZAoUfZJQ+bu74mcxlpP4tB2xtSM9HJtZv5X62Ymug5yLtPMoGSLj6JMEJOQ2dlkwBUyIyYWKFPc7krYiCrKjA2nYkPwl09ehdZFzbd8f1mt3xRxlOEETuEcfLiCOtxBA5rAIIJneIU3Z+y8OO/Ox6K15BQzx/BHzucPm4aNZQ==</latexit><latexit sha1_base64="tFROaEGhmnnMpUlcEPFjR2z/BNI=">AAAB6XicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDL+27Vq3lzkVXwC6hCoUbf/eoNEpbFKA0TVOuu76UmyKkynAmcVnqZxpSyMR1i16KkMeogn286JWfWGZAoUfZJQ+bu74mcxlpP4tB2xtSM9HJtZv5X62Ymug5yLtPMoGSLj6JMEJOQ2dlkwBUyIyYWKFPc7krYiCrKjA2nYkPwl09ehdZFzbd8f1mt3xRxlOEETuEcfLiCOtxBA5rAIIJneIU3Z+y8OO/Ox6K15BQzx/BHzucPm4aNZQ==</latexit>

K � 1
<latexit sha1_base64="r9EyNDc4ZkK0RbMq+OXc0Let6lU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8GJJRNBj0YvgpaL9gDaUzXbSLt1swu5GKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbwehmWm89odI8lo9mnKAf0YHkIWfUWOvh7szrlStu1Z2JLIOXQwVy1Xvlr24/ZmmE0jBBte54bmL8jCrDmcBJqZtqTCgb0QF2LEoaofaz2aoTcmKdPgljZZ80ZOb+nshopPU4CmxnRM1QL9am5n+1TmrCKz/jMkkNSjb/KEwFMTGZ3k36XCEzYmyBMsXtroQNqaLM2HRKNgRv8eRlaJ5XPcv3F5XadR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9yPn8AexuNQQ==</latexit><latexit sha1_base64="r9EyNDc4ZkK0RbMq+OXc0Let6lU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8GJJRNBj0YvgpaL9gDaUzXbSLt1swu5GKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbwehmWm89odI8lo9mnKAf0YHkIWfUWOvh7szrlStu1Z2JLIOXQwVy1Xvlr24/ZmmE0jBBte54bmL8jCrDmcBJqZtqTCgb0QF2LEoaofaz2aoTcmKdPgljZZ80ZOb+nshopPU4CmxnRM1QL9am5n+1TmrCKz/jMkkNSjb/KEwFMTGZ3k36XCEzYmyBMsXtroQNqaLM2HRKNgRv8eRlaJ5XPcv3F5XadR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9yPn8AexuNQQ==</latexit><latexit sha1_base64="r9EyNDc4ZkK0RbMq+OXc0Let6lU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8GJJRNBj0YvgpaL9gDaUzXbSLt1swu5GKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbwehmWm89odI8lo9mnKAf0YHkIWfUWOvh7szrlStu1Z2JLIOXQwVy1Xvlr24/ZmmE0jBBte54bmL8jCrDmcBJqZtqTCgb0QF2LEoaofaz2aoTcmKdPgljZZ80ZOb+nshopPU4CmxnRM1QL9am5n+1TmrCKz/jMkkNSjb/KEwFMTGZ3k36XCEzYmyBMsXtroQNqaLM2HRKNgRv8eRlaJ5XPcv3F5XadR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9yPn8AexuNQQ==</latexit><latexit sha1_base64="r9EyNDc4ZkK0RbMq+OXc0Let6lU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8GJJRNBj0YvgpaL9gDaUzXbSLt1swu5GKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbwehmWm89odI8lo9mnKAf0YHkIWfUWOvh7szrlStu1Z2JLIOXQwVy1Xvlr24/ZmmE0jBBte54bmL8jCrDmcBJqZtqTCgb0QF2LEoaofaz2aoTcmKdPgljZZ80ZOb+nshopPU4CmxnRM1QL9am5n+1TmrCKz/jMkkNSjb/KEwFMTGZ3k36XCEzYmyBMsXtroQNqaLM2HRKNgRv8eRlaJ5XPcv3F5XadR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9yPn8AexuNQQ==</latexit>

bK�1
<latexit sha1_base64="LwOEvZG6tsrLM9p/zFnxWW88ucU=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8GJJpKDHohfBSwX7AW0om+2mXbrZhN2JUEJ/hBcPinj193jz37htc9DWFxYe3plhZ94gkcKg6347hbX1jc2t4nZpZ3dv/6B8eNQycaoZb7JYxroTUMOlULyJAiXvJJrTKJC8HYxvZ/X2E9dGxOoRJwn3IzpUIhSMorXaQT+7v/Cm/XLFrbpzkVXwcqhArka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXYuKRtz42XzdKTmzzoCEsbZPIZm7vycyGhkziQLbGVEcmeXazPyv1k0xvPYzoZIUuWKLj8JUEozJ7HYyEJozlBMLlGlhdyVsRDVlaBMq2RC85ZNXoXVZ9Sw/1Cr1mzyOIpzAKZyDB1dQhztoQBMYjOEZXuHNSZwX5935WLQWnHzmGP7I+fwBshSPIg==</latexit><latexit sha1_base64="LwOEvZG6tsrLM9p/zFnxWW88ucU=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8GJJpKDHohfBSwX7AW0om+2mXbrZhN2JUEJ/hBcPinj193jz37htc9DWFxYe3plhZ94gkcKg6347hbX1jc2t4nZpZ3dv/6B8eNQycaoZb7JYxroTUMOlULyJAiXvJJrTKJC8HYxvZ/X2E9dGxOoRJwn3IzpUIhSMorXaQT+7v/Cm/XLFrbpzkVXwcqhArka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXYuKRtz42XzdKTmzzoCEsbZPIZm7vycyGhkziQLbGVEcmeXazPyv1k0xvPYzoZIUuWKLj8JUEozJ7HYyEJozlBMLlGlhdyVsRDVlaBMq2RC85ZNXoXVZ9Sw/1Cr1mzyOIpzAKZyDB1dQhztoQBMYjOEZXuHNSZwX5935WLQWnHzmGP7I+fwBshSPIg==</latexit><latexit sha1_base64="LwOEvZG6tsrLM9p/zFnxWW88ucU=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8GJJpKDHohfBSwX7AW0om+2mXbrZhN2JUEJ/hBcPinj193jz37htc9DWFxYe3plhZ94gkcKg6347hbX1jc2t4nZpZ3dv/6B8eNQycaoZb7JYxroTUMOlULyJAiXvJJrTKJC8HYxvZ/X2E9dGxOoRJwn3IzpUIhSMorXaQT+7v/Cm/XLFrbpzkVXwcqhArka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXYuKRtz42XzdKTmzzoCEsbZPIZm7vycyGhkziQLbGVEcmeXazPyv1k0xvPYzoZIUuWKLj8JUEozJ7HYyEJozlBMLlGlhdyVsRDVlaBMq2RC85ZNXoXVZ9Sw/1Cr1mzyOIpzAKZyDB1dQhztoQBMYjOEZXuHNSZwX5935WLQWnHzmGP7I+fwBshSPIg==</latexit><latexit sha1_base64="LwOEvZG6tsrLM9p/zFnxWW88ucU=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8GJJpKDHohfBSwX7AW0om+2mXbrZhN2JUEJ/hBcPinj193jz37htc9DWFxYe3plhZ94gkcKg6347hbX1jc2t4nZpZ3dv/6B8eNQycaoZb7JYxroTUMOlULyJAiXvJJrTKJC8HYxvZ/X2E9dGxOoRJwn3IzpUIhSMorXaQT+7v/Cm/XLFrbpzkVXwcqhArka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXYuKRtz42XzdKTmzzoCEsbZPIZm7vycyGhkziQLbGVEcmeXazPyv1k0xvPYzoZIUuWKLj8JUEozJ7HYyEJozlBMLlGlhdyVsRDVlaBMq2RC85ZNXoXVZ9Sw/1Cr1mzyOIpzAKZyDB1dQhztoQBMYjOEZXuHNSZwX5935WLQWnHzmGP7I+fwBshSPIg==</latexit>

bP (yi > r1)
<latexit sha1_base64="JEWZgW/c9FbzIeNeK3w5m6yuKL4=">AAAB/XicbZDLSsNAFIYn9VbrLV52boJFqJuSiKArKbpxWcFeoA1hMjlph04mYWaixFB8FTcuFHHre7jzbZy2WWjrDwMf/zmHc+b3E0alsu1vo7S0vLK6Vl6vbGxube+Yu3ttGaeCQIvELBZdH0tglENLUcWgmwjAkc+g44+uJ/XOPQhJY36nsgTcCA84DSnBSlueedB/oAEMscqb41rm0UvhOSeeWbXr9lTWIjgFVFGhpmd+9YOYpBFwRRiWsufYiXJzLBQlDMaVfiohwWSEB9DTyHEE0s2n14+tY+0EVhgL/biypu7viRxHUmaRrzsjrIZyvjYx/6v1UhVeuDnlSaqAk9miMGWWiq1JFFZABRDFMg2YCKpvtcgQC0yUDqyiQ3Dmv7wI7dO6o/n2rNq4KuIoo0N0hGrIQeeogW5QE7UQQY/oGb2iN+PJeDHejY9Za8koZvbRHxmfP9pzlM8=</latexit><latexit sha1_base64="JEWZgW/c9FbzIeNeK3w5m6yuKL4=">AAAB/XicbZDLSsNAFIYn9VbrLV52boJFqJuSiKArKbpxWcFeoA1hMjlph04mYWaixFB8FTcuFHHre7jzbZy2WWjrDwMf/zmHc+b3E0alsu1vo7S0vLK6Vl6vbGxube+Yu3ttGaeCQIvELBZdH0tglENLUcWgmwjAkc+g44+uJ/XOPQhJY36nsgTcCA84DSnBSlueedB/oAEMscqb41rm0UvhOSeeWbXr9lTWIjgFVFGhpmd+9YOYpBFwRRiWsufYiXJzLBQlDMaVfiohwWSEB9DTyHEE0s2n14+tY+0EVhgL/biypu7viRxHUmaRrzsjrIZyvjYx/6v1UhVeuDnlSaqAk9miMGWWiq1JFFZABRDFMg2YCKpvtcgQC0yUDqyiQ3Dmv7wI7dO6o/n2rNq4KuIoo0N0hGrIQeeogW5QE7UQQY/oGb2iN+PJeDHejY9Za8koZvbRHxmfP9pzlM8=</latexit><latexit sha1_base64="JEWZgW/c9FbzIeNeK3w5m6yuKL4=">AAAB/XicbZDLSsNAFIYn9VbrLV52boJFqJuSiKArKbpxWcFeoA1hMjlph04mYWaixFB8FTcuFHHre7jzbZy2WWjrDwMf/zmHc+b3E0alsu1vo7S0vLK6Vl6vbGxube+Yu3ttGaeCQIvELBZdH0tglENLUcWgmwjAkc+g44+uJ/XOPQhJY36nsgTcCA84DSnBSlueedB/oAEMscqb41rm0UvhOSeeWbXr9lTWIjgFVFGhpmd+9YOYpBFwRRiWsufYiXJzLBQlDMaVfiohwWSEB9DTyHEE0s2n14+tY+0EVhgL/biypu7viRxHUmaRrzsjrIZyvjYx/6v1UhVeuDnlSaqAk9miMGWWiq1JFFZABRDFMg2YCKpvtcgQC0yUDqyiQ3Dmv7wI7dO6o/n2rNq4KuIoo0N0hGrIQeeogW5QE7UQQY/oGb2iN+PJeDHejY9Za8koZvbRHxmfP9pzlM8=</latexit><latexit sha1_base64="JEWZgW/c9FbzIeNeK3w5m6yuKL4=">AAAB/XicbZDLSsNAFIYn9VbrLV52boJFqJuSiKArKbpxWcFeoA1hMjlph04mYWaixFB8FTcuFHHre7jzbZy2WWjrDwMf/zmHc+b3E0alsu1vo7S0vLK6Vl6vbGxube+Yu3ttGaeCQIvELBZdH0tglENLUcWgmwjAkc+g44+uJ/XOPQhJY36nsgTcCA84DSnBSlueedB/oAEMscqb41rm0UvhOSeeWbXr9lTWIjgFVFGhpmd+9YOYpBFwRRiWsufYiXJzLBQlDMaVfiohwWSEB9DTyHEE0s2n14+tY+0EVhgL/biypu7viRxHUmaRrzsjrIZyvjYx/6v1UhVeuDnlSaqAk9miMGWWiq1JFFZABRDFMg2YCKpvtcgQC0yUDqyiQ3Dmv7wI7dO6o/n2rNq4KuIoo0N0hGrIQeeogW5QE7UQQY/oGb2iN+PJeDHejY9Za8koZvbRHxmfP9pzlM8=</latexit>

bP (yi > r2)
<latexit sha1_base64="TTPnmRaLx/eL+eApEw1jpI9oVN4=">AAAB/XicbZDLSsNAFIZPvNZ6i5edm2AR6qYkRdCVFN24rGAv0IYwmUzaoZNJmJkoMRRfxY0LRdz6Hu58G6dtFtr6w8DHf87hnPn9hFGpbPvbWFpeWV1bL22UN7e2d3bNvf22jFOBSQvHLBZdH0nCKCctRRUj3UQQFPmMdPzR9aTeuSdC0pjfqSwhboQGnIYUI6UtzzzsP9CADJHKm+Nq5tFL4dVPPbNi1+yprEVwCqhAoaZnfvWDGKcR4QozJGXPsRPl5kgoihkZl/upJAnCIzQgPY0cRUS6+fT6sXWincAKY6EfV9bU/T2Ro0jKLPJ1Z4TUUM7XJuZ/tV6qwgs3pzxJFeF4tihMmaViaxKFFVBBsGKZBoQF1bdaeIgEwkoHVtYhOPNfXoR2veZovj2rNK6KOEpwBMdQBQfOoQE30IQWYHiEZ3iFN+PJeDHejY9Z65JRzBzAHxmfP9v4lNA=</latexit><latexit sha1_base64="TTPnmRaLx/eL+eApEw1jpI9oVN4=">AAAB/XicbZDLSsNAFIZPvNZ6i5edm2AR6qYkRdCVFN24rGAv0IYwmUzaoZNJmJkoMRRfxY0LRdz6Hu58G6dtFtr6w8DHf87hnPn9hFGpbPvbWFpeWV1bL22UN7e2d3bNvf22jFOBSQvHLBZdH0nCKCctRRUj3UQQFPmMdPzR9aTeuSdC0pjfqSwhboQGnIYUI6UtzzzsP9CADJHKm+Nq5tFL4dVPPbNi1+yprEVwCqhAoaZnfvWDGKcR4QozJGXPsRPl5kgoihkZl/upJAnCIzQgPY0cRUS6+fT6sXWincAKY6EfV9bU/T2Ro0jKLPJ1Z4TUUM7XJuZ/tV6qwgs3pzxJFeF4tihMmaViaxKFFVBBsGKZBoQF1bdaeIgEwkoHVtYhOPNfXoR2veZovj2rNK6KOEpwBMdQBQfOoQE30IQWYHiEZ3iFN+PJeDHejY9Z65JRzBzAHxmfP9v4lNA=</latexit><latexit sha1_base64="TTPnmRaLx/eL+eApEw1jpI9oVN4=">AAAB/XicbZDLSsNAFIZPvNZ6i5edm2AR6qYkRdCVFN24rGAv0IYwmUzaoZNJmJkoMRRfxY0LRdz6Hu58G6dtFtr6w8DHf87hnPn9hFGpbPvbWFpeWV1bL22UN7e2d3bNvf22jFOBSQvHLBZdH0nCKCctRRUj3UQQFPmMdPzR9aTeuSdC0pjfqSwhboQGnIYUI6UtzzzsP9CADJHKm+Nq5tFL4dVPPbNi1+yprEVwCqhAoaZnfvWDGKcR4QozJGXPsRPl5kgoihkZl/upJAnCIzQgPY0cRUS6+fT6sXWincAKY6EfV9bU/T2Ro0jKLPJ1Z4TUUM7XJuZ/tV6qwgs3pzxJFeF4tihMmaViaxKFFVBBsGKZBoQF1bdaeIgEwkoHVtYhOPNfXoR2veZovj2rNK6KOEpwBMdQBQfOoQE30IQWYHiEZ3iFN+PJeDHejY9Z65JRzBzAHxmfP9v4lNA=</latexit><latexit sha1_base64="TTPnmRaLx/eL+eApEw1jpI9oVN4=">AAAB/XicbZDLSsNAFIZPvNZ6i5edm2AR6qYkRdCVFN24rGAv0IYwmUzaoZNJmJkoMRRfxY0LRdz6Hu58G6dtFtr6w8DHf87hnPn9hFGpbPvbWFpeWV1bL22UN7e2d3bNvf22jFOBSQvHLBZdH0nCKCctRRUj3UQQFPmMdPzR9aTeuSdC0pjfqSwhboQGnIYUI6UtzzzsP9CADJHKm+Nq5tFL4dVPPbNi1+yprEVwCqhAoaZnfvWDGKcR4QozJGXPsRPl5kgoihkZl/upJAnCIzQgPY0cRUS6+fT6sXWincAKY6EfV9bU/T2Ro0jKLPJ1Z4TUUM7XJuZ/tV6qwgs3pzxJFeF4tihMmaViaxKFFVBBsGKZBoQF1bdaeIgEwkoHVtYhOPNfXoR2veZovj2rNK6KOEpwBMdQBQfOoQE30IQWYHiEZ3iFN+PJeDHejY9Z65JRzBzAHxmfP9v4lNA=</latexit>

bP (yi > rK�1)
<latexit sha1_base64="EsrSGPlu5mWGfLIJjs5E47reN0Y=">AAACAXicbZDLSsNAFIYn9VbrLepGcDNYhLqwJCLoSopuBDcV7AXaECaTSTt0MgkzEyWEuPFV3LhQxK1v4c63cdpmoa0/DHz85xzOnN+LGZXKsr6N0sLi0vJKebWytr6xuWVu77RllAhMWjhikeh6SBJGOWkpqhjpxoKg0GOk442uxvXOPRGSRvxOpTFxQjTgNKAYKW255l7/gfpkiFTWzGupSy+Em90c2/mRa1atujURnAe7gCoo1HTNr74f4SQkXGGGpOzZVqycDAlFMSN5pZ9IEiM8QgPS08hRSKSTTS7I4aF2fBhEQj+u4MT9PZGhUMo09HRniNRQztbG5n+1XqKCcyejPE4U4Xi6KEgYVBEcxwF9KghWLNWAsKD6rxAPkUBY6dAqOgR79uR5aJ/Ubc23p9XGZRFHGeyDA1ADNjgDDXANmqAFMHgEz+AVvBlPxovxbnxMW0tGMbML/sj4/AG94JZn</latexit><latexit sha1_base64="EsrSGPlu5mWGfLIJjs5E47reN0Y=">AAACAXicbZDLSsNAFIYn9VbrLepGcDNYhLqwJCLoSopuBDcV7AXaECaTSTt0MgkzEyWEuPFV3LhQxK1v4c63cdpmoa0/DHz85xzOnN+LGZXKsr6N0sLi0vJKebWytr6xuWVu77RllAhMWjhikeh6SBJGOWkpqhjpxoKg0GOk442uxvXOPRGSRvxOpTFxQjTgNKAYKW255l7/gfpkiFTWzGupSy+Em90c2/mRa1atujURnAe7gCoo1HTNr74f4SQkXGGGpOzZVqycDAlFMSN5pZ9IEiM8QgPS08hRSKSTTS7I4aF2fBhEQj+u4MT9PZGhUMo09HRniNRQztbG5n+1XqKCcyejPE4U4Xi6KEgYVBEcxwF9KghWLNWAsKD6rxAPkUBY6dAqOgR79uR5aJ/Ubc23p9XGZRFHGeyDA1ADNjgDDXANmqAFMHgEz+AVvBlPxovxbnxMW0tGMbML/sj4/AG94JZn</latexit><latexit sha1_base64="EsrSGPlu5mWGfLIJjs5E47reN0Y=">AAACAXicbZDLSsNAFIYn9VbrLepGcDNYhLqwJCLoSopuBDcV7AXaECaTSTt0MgkzEyWEuPFV3LhQxK1v4c63cdpmoa0/DHz85xzOnN+LGZXKsr6N0sLi0vJKebWytr6xuWVu77RllAhMWjhikeh6SBJGOWkpqhjpxoKg0GOk442uxvXOPRGSRvxOpTFxQjTgNKAYKW255l7/gfpkiFTWzGupSy+Em90c2/mRa1atujURnAe7gCoo1HTNr74f4SQkXGGGpOzZVqycDAlFMSN5pZ9IEiM8QgPS08hRSKSTTS7I4aF2fBhEQj+u4MT9PZGhUMo09HRniNRQztbG5n+1XqKCcyejPE4U4Xi6KEgYVBEcxwF9KghWLNWAsKD6rxAPkUBY6dAqOgR79uR5aJ/Ubc23p9XGZRFHGeyDA1ADNjgDDXANmqAFMHgEz+AVvBlPxovxbnxMW0tGMbML/sj4/AG94JZn</latexit><latexit sha1_base64="EsrSGPlu5mWGfLIJjs5E47reN0Y=">AAACAXicbZDLSsNAFIYn9VbrLepGcDNYhLqwJCLoSopuBDcV7AXaECaTSTt0MgkzEyWEuPFV3LhQxK1v4c63cdpmoa0/DHz85xzOnN+LGZXKsr6N0sLi0vJKebWytr6xuWVu77RllAhMWjhikeh6SBJGOWkpqhjpxoKg0GOk442uxvXOPRGSRvxOpTFxQjTgNKAYKW255l7/gfpkiFTWzGupSy+Em90c2/mRa1atujURnAe7gCoo1HTNr74f4SQkXGGGpOzZVqycDAlFMSN5pZ9IEiM8QgPS08hRSKSTTS7I4aF2fBhEQj+u4MT9PZGhUMo09HRniNRQztbG5n+1XqKCcyejPE4U4Xi6KEgYVBEcxwF9KghWLNWAsKD6rxAPkUBY6dAqOgR79uR5aJ/Ubc23p9XGZRFHGeyDA1ADNjgDDXANmqAFMHgEz+AVvBlPxovxbnxMW0tGMbML/sj4/AG94JZn</latexit>{ <latexit sha1_base64="tFROaEGhmnnMpUlcEPFjR2z/BNI=">AAAB6XicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDL+27Vq3lzkVXwC6hCoUbf/eoNEpbFKA0TVOuu76UmyKkynAmcVnqZxpSyMR1i16KkMeogn286JWfWGZAoUfZJQ+bu74mcxlpP4tB2xtSM9HJtZv5X62Ymug5yLtPMoGSLj6JMEJOQ2dlkwBUyIyYWKFPc7krYiCrKjA2nYkPwl09ehdZFzbd8f1mt3xRxlOEETuEcfLiCOtxBA5rAIIJneIU3Z+y8OO/Ox6K15BQzx/BHzucPm4aNZQ==</latexit><latexit sha1_base64="tFROaEGhmnnMpUlcEPFjR2z/BNI=">AAAB6XicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDL+27Vq3lzkVXwC6hCoUbf/eoNEpbFKA0TVOuu76UmyKkynAmcVnqZxpSyMR1i16KkMeogn286JWfWGZAoUfZJQ+bu74mcxlpP4tB2xtSM9HJtZv5X62Ymug5yLtPMoGSLj6JMEJOQ2dlkwBUyIyYWKFPc7krYiCrKjA2nYkPwl09ehdZFzbd8f1mt3xRxlOEETuEcfLiCOtxBA5rAIIJneIU3Z+y8OO/Ox6K15BQzx/BHzucPm4aNZQ==</latexit><latexit sha1_base64="tFROaEGhmnnMpUlcEPFjR2z/BNI=">AAAB6XicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDL+27Vq3lzkVXwC6hCoUbf/eoNEpbFKA0TVOuu76UmyKkynAmcVnqZxpSyMR1i16KkMeogn286JWfWGZAoUfZJQ+bu74mcxlpP4tB2xtSM9HJtZv5X62Ymug5yLtPMoGSLj6JMEJOQ2dlkwBUyIyYWKFPc7krYiCrKjA2nYkPwl09ehdZFzbd8f1mt3xRxlOEETuEcfLiCOtxBA5rAIIJneIU3Z+y8OO/Ox6K15BQzx/BHzucPm4aNZQ==</latexit><latexit sha1_base64="tFROaEGhmnnMpUlcEPFjR2z/BNI=">AAAB6XicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDL+27Vq3lzkVXwC6hCoUbf/eoNEpbFKA0TVOuu76UmyKkynAmcVnqZxpSyMR1i16KkMeogn286JWfWGZAoUfZJQ+bu74mcxlpP4tB2xtSM9HJtZv5X62Ymug5yLtPMoGSLj6JMEJOQ2dlkwBUyIyYWKFPc7krYiCrKjA2nYkPwl09ehdZFzbd8f1mt3xRxlOEETuEcfLiCOtxBA5rAIIJneIU3Z+y8OO/Ox6K15BQzx/BHzucPm4aNZQ==</latexit>

Tasks

{
<latexit sha1_base64="tFROaEGhmnnMpUlcEPFjR2z/BNI=">AAAB6XicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDL+27Vq3lzkVXwC6hCoUbf/eoNEpbFKA0TVOuu76UmyKkynAmcVnqZxpSyMR1i16KkMeogn286JWfWGZAoUfZJQ+bu74mcxlpP4tB2xtSM9HJtZv5X62Ymug5yLtPMoGSLj6JMEJOQ2dlkwBUyIyYWKFPc7krYiCrKjA2nYkPwl09ehdZFzbd8f1mt3xRxlOEETuEcfLiCOtxBA5rAIIJneIU3Z+y8OO/Ox6K15BQzx/BHzucPm4aNZQ==</latexit><latexit sha1_base64="tFROaEGhmnnMpUlcEPFjR2z/BNI=">AAAB6XicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDL+27Vq3lzkVXwC6hCoUbf/eoNEpbFKA0TVOuu76UmyKkynAmcVnqZxpSyMR1i16KkMeogn286JWfWGZAoUfZJQ+bu74mcxlpP4tB2xtSM9HJtZv5X62Ymug5yLtPMoGSLj6JMEJOQ2dlkwBUyIyYWKFPc7krYiCrKjA2nYkPwl09ehdZFzbd8f1mt3xRxlOEETuEcfLiCOtxBA5rAIIJneIU3Z+y8OO/Ox6K15BQzx/BHzucPm4aNZQ==</latexit><latexit sha1_base64="tFROaEGhmnnMpUlcEPFjR2z/BNI=">AAAB6XicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDL+27Vq3lzkVXwC6hCoUbf/eoNEpbFKA0TVOuu76UmyKkynAmcVnqZxpSyMR1i16KkMeogn286JWfWGZAoUfZJQ+bu74mcxlpP4tB2xtSM9HJtZv5X62Ymug5yLtPMoGSLj6JMEJOQ2dlkwBUyIyYWKFPc7krYiCrKjA2nYkPwl09ehdZFzbd8f1mt3xRxlOEETuEcfLiCOtxBA5rAIIJneIU3Z+y8OO/Ox6K15BQzx/BHzucPm4aNZQ==</latexit><latexit sha1_base64="tFROaEGhmnnMpUlcEPFjR2z/BNI=">AAAB6XicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDL+27Vq3lzkVXwC6hCoUbf/eoNEpbFKA0TVOuu76UmyKkynAmcVnqZxpSyMR1i16KkMeogn286JWfWGZAoUfZJQ+bu74mcxlpP4tB2xtSM9HJtZv5X62Ymug5yLtPMoGSLj6JMEJOQ2dlkwBUyIyYWKFPc7krYiCrKjA2nYkPwl09ehdZFzbd8f1mt3xRxlOEETuEcfLiCOtxBA5rAIIJneIU3Z+y8OO/Ox6K15BQzx/BHzucPm4aNZQ==</latexit>

a1
<latexit sha1_base64="i5nKWL2osYHJ2SU7NvALg/zpMfE=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTJdtMu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkU5Q1aSIS1QlRM8ElaxpuBOukimEcCtYOx7ezevuJKc0T+WgmKQtiHEoecYrGWg/Y9/tu1at5c5FV8AuoQqFG3/3qDRKaxUwaKlDrru+lJshRGU4Fm1Z6mWYp0jEOWdeixJjpIJ+vOiVn1hmQKFH2SUPm7u+JHGOtJ3FoO2M0I71cm5n/1bqZia6DnMs0M0zSxUdRJohJyOxuMuCKUSMmFpAqbncldIQKqbHpVGwI/vLJq9C6qPmW7y+r9ZsijjKcwCmcgw9XUIc7aEATKAzhGV7hzRHOi/PufCxaS04xcwx/5Hz+AOiZjYk=</latexit><latexit sha1_base64="i5nKWL2osYHJ2SU7NvALg/zpMfE=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTJdtMu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkU5Q1aSIS1QlRM8ElaxpuBOukimEcCtYOx7ezevuJKc0T+WgmKQtiHEoecYrGWg/Y9/tu1at5c5FV8AuoQqFG3/3qDRKaxUwaKlDrru+lJshRGU4Fm1Z6mWYp0jEOWdeixJjpIJ+vOiVn1hmQKFH2SUPm7u+JHGOtJ3FoO2M0I71cm5n/1bqZia6DnMs0M0zSxUdRJohJyOxuMuCKUSMmFpAqbncldIQKqbHpVGwI/vLJq9C6qPmW7y+r9ZsijjKcwCmcgw9XUIc7aEATKAzhGV7hzRHOi/PufCxaS04xcwx/5Hz+AOiZjYk=</latexit><latexit sha1_base64="i5nKWL2osYHJ2SU7NvALg/zpMfE=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTJdtMu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkU5Q1aSIS1QlRM8ElaxpuBOukimEcCtYOx7ezevuJKc0T+WgmKQtiHEoecYrGWg/Y9/tu1at5c5FV8AuoQqFG3/3qDRKaxUwaKlDrru+lJshRGU4Fm1Z6mWYp0jEOWdeixJjpIJ+vOiVn1hmQKFH2SUPm7u+JHGOtJ3FoO2M0I71cm5n/1bqZia6DnMs0M0zSxUdRJohJyOxuMuCKUSMmFpAqbncldIQKqbHpVGwI/vLJq9C6qPmW7y+r9ZsijjKcwCmcgw9XUIc7aEATKAzhGV7hzRHOi/PufCxaS04xcwx/5Hz+AOiZjYk=</latexit><latexit sha1_base64="i5nKWL2osYHJ2SU7NvALg/zpMfE=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTJdtMu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkU5Q1aSIS1QlRM8ElaxpuBOukimEcCtYOx7ezevuJKc0T+WgmKQtiHEoecYrGWg/Y9/tu1at5c5FV8AuoQqFG3/3qDRKaxUwaKlDrru+lJshRGU4Fm1Z6mWYp0jEOWdeixJjpIJ+vOiVn1hmQKFH2SUPm7u+JHGOtJ3FoO2M0I71cm5n/1bqZia6DnMs0M0zSxUdRJohJyOxuMuCKUSMmFpAqbncldIQKqbHpVGwI/vLJq9C6qPmW7y+r9ZsijjKcwCmcgw9XUIc7aEATKAzhGV7hzRHOi/PufCxaS04xcwx/5Hz+AOiZjYk=</latexit>

a2
<latexit sha1_base64="fHY8L0Lq6jayN2ybi5nRkuRgM8k=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSItRj0YvHivYD2lAm2027dLMJuxuhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqaKsRWMRq26AmgkuWctwI1g3UQyjQLBOMLmd1ztPTGkey0czTZgf4UjykFM01nrAQW1QrrhVdyGyDl4OFcjVHJS/+sOYphGThgrUuue5ifEzVIZTwWalfqpZgnSCI9azKDFi2s8Wq87IhXWGJIyVfdKQhft7IsNI62kU2M4IzViv1ubmf7VeasJrP+MySQ2TdPlRmApiYjK/mwy5YtSIqQWkittdCR2jQmpsOiUbgrd68jq0a1XP8v1VpXGTx1GEMziHS/CgDg24gya0gMIInuEV3hzhvDjvzseyteDkM6fwR87nD+odjYo=</latexit><latexit sha1_base64="fHY8L0Lq6jayN2ybi5nRkuRgM8k=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSItRj0YvHivYD2lAm2027dLMJuxuhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqaKsRWMRq26AmgkuWctwI1g3UQyjQLBOMLmd1ztPTGkey0czTZgf4UjykFM01nrAQW1QrrhVdyGyDl4OFcjVHJS/+sOYphGThgrUuue5ifEzVIZTwWalfqpZgnSCI9azKDFi2s8Wq87IhXWGJIyVfdKQhft7IsNI62kU2M4IzViv1ubmf7VeasJrP+MySQ2TdPlRmApiYjK/mwy5YtSIqQWkittdCR2jQmpsOiUbgrd68jq0a1XP8v1VpXGTx1GEMziHS/CgDg24gya0gMIInuEV3hzhvDjvzseyteDkM6fwR87nD+odjYo=</latexit><latexit sha1_base64="fHY8L0Lq6jayN2ybi5nRkuRgM8k=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSItRj0YvHivYD2lAm2027dLMJuxuhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqaKsRWMRq26AmgkuWctwI1g3UQyjQLBOMLmd1ztPTGkey0czTZgf4UjykFM01nrAQW1QrrhVdyGyDl4OFcjVHJS/+sOYphGThgrUuue5ifEzVIZTwWalfqpZgnSCI9azKDFi2s8Wq87IhXWGJIyVfdKQhft7IsNI62kU2M4IzViv1ubmf7VeasJrP+MySQ2TdPlRmApiYjK/mwy5YtSIqQWkittdCR2jQmpsOiUbgrd68jq0a1XP8v1VpXGTx1GEMziHS/CgDg24gya0gMIInuEV3hzhvDjvzseyteDkM6fwR87nD+odjYo=</latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="5EnDFfMDBOio/2eay9En10Yo+dY=">AAAB33icbZBLSwMxFIXv+Ky1anXrJlgEV2WmG10KblxWtA9oh5JJ77ShmcyQ3BHK0J/gxoUi/it3/hvTx0JbDwQ+zknIvSfKlLTk+9/e1vbO7t5+6aB8WDk6PqmeVto2zY3AlkhVaroRt6ikxhZJUtjNDPIkUtiJJnfzvPOMxspUP9E0wzDhIy1jKTg565EPGoNqza/7C7FNCFZQg5Wag+pXf5iKPEFNQnFre4GfUVhwQ1IonJX7ucWMiwkfYc+h5gnasFiMOmOXzhmyODXuaGIL9/eLgifWTpPI3Uw4je16Njf/y3o5xTdhIXWWE2qx/CjOFaOUzfdmQ2lQkJo64MJINysTY264INdO2ZUQrK+8Ce1GPXD84EMJzuECriCAa7iFe2hCCwSM4AXe4N1T3qv3saxry1v1dgZ/5H3+AM+5jDU=</latexit><latexit sha1_base64="5EnDFfMDBOio/2eay9En10Yo+dY=">AAAB33icbZBLSwMxFIXv+Ky1anXrJlgEV2WmG10KblxWtA9oh5JJ77ShmcyQ3BHK0J/gxoUi/it3/hvTx0JbDwQ+zknIvSfKlLTk+9/e1vbO7t5+6aB8WDk6PqmeVto2zY3AlkhVaroRt6ikxhZJUtjNDPIkUtiJJnfzvPOMxspUP9E0wzDhIy1jKTg565EPGoNqza/7C7FNCFZQg5Wag+pXf5iKPEFNQnFre4GfUVhwQ1IonJX7ucWMiwkfYc+h5gnasFiMOmOXzhmyODXuaGIL9/eLgifWTpPI3Uw4je16Njf/y3o5xTdhIXWWE2qx/CjOFaOUzfdmQ2lQkJo64MJINysTY264INdO2ZUQrK+8Ce1GPXD84EMJzuECriCAa7iFe2hCCwSM4AXe4N1T3qv3saxry1v1dgZ/5H3+AM+5jDU=</latexit><latexit sha1_base64="p8tLOQbHVpAOVm/uqaDbqhYE8i4=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FSSXvRY9OKxov2ANpTJdtMu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTuljc2t7Z3ybmVv/+DwyD0+aeskU5S1aCIS1Q1RM8ElaxluBOumimEcCtYJJ7fzeueJKc0T+WimKQtiHEkecYrGWg84qA/cqlfzFiLr4BdQhULNgfvVHyY0i5k0VKDWPd9LTZCjMpwKNqv0M81SpBMcsZ5FiTHTQb5YdUYurDMkUaLsk4Ys3N8TOcZaT+PQdsZoxnq1Njf/q/UyE10HOZdpZpiky4+iTBCTkPndZMgVo0ZMLSBV3O5K6BgVUmPTqdgQ/NWT16Fdr/mW771q46aIowxncA6X4MMVNOAOmtACCiN4hld4c4Tz4rw7H8vWklPMnMIfOZ8/6N2Nhg==</latexit><latexit sha1_base64="fHY8L0Lq6jayN2ybi5nRkuRgM8k=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSItRj0YvHivYD2lAm2027dLMJuxuhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqaKsRWMRq26AmgkuWctwI1g3UQyjQLBOMLmd1ztPTGkey0czTZgf4UjykFM01nrAQW1QrrhVdyGyDl4OFcjVHJS/+sOYphGThgrUuue5ifEzVIZTwWalfqpZgnSCI9azKDFi2s8Wq87IhXWGJIyVfdKQhft7IsNI62kU2M4IzViv1ubmf7VeasJrP+MySQ2TdPlRmApiYjK/mwy5YtSIqQWkittdCR2jQmpsOiUbgrd68jq0a1XP8v1VpXGTx1GEMziHS/CgDg24gya0gMIInuEV3hzhvDjvzseyteDkM6fwR87nD+odjYo=</latexit><latexit sha1_base64="fHY8L0Lq6jayN2ybi5nRkuRgM8k=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSItRj0YvHivYD2lAm2027dLMJuxuhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqaKsRWMRq26AmgkuWctwI1g3UQyjQLBOMLmd1ztPTGkey0czTZgf4UjykFM01nrAQW1QrrhVdyGyDl4OFcjVHJS/+sOYphGThgrUuue5ifEzVIZTwWalfqpZgnSCI9azKDFi2s8Wq87IhXWGJIyVfdKQhft7IsNI62kU2M4IzViv1ubmf7VeasJrP+MySQ2TdPlRmApiYjK/mwy5YtSIqQWkittdCR2jQmpsOiUbgrd68jq0a1XP8v1VpXGTx1GEMziHS/CgDg24gya0gMIInuEV3hzhvDjvzseyteDkM6fwR87nD+odjYo=</latexit><latexit sha1_base64="fHY8L0Lq6jayN2ybi5nRkuRgM8k=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSItRj0YvHivYD2lAm2027dLMJuxuhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqaKsRWMRq26AmgkuWctwI1g3UQyjQLBOMLmd1ztPTGkey0czTZgf4UjykFM01nrAQW1QrrhVdyGyDl4OFcjVHJS/+sOYphGThgrUuue5ifEzVIZTwWalfqpZgnSCI9azKDFi2s8Wq87IhXWGJIyVfdKQhft7IsNI62kU2M4IzViv1ubmf7VeasJrP+MySQ2TdPlRmApiYjK/mwy5YtSIqQWkittdCR2jQmpsOiUbgrd68jq0a1XP8v1VpXGTx1GEMziHS/CgDg24gya0gMIInuEV3hzhvDjvzseyteDkM6fwR87nD+odjYo=</latexit><latexit sha1_base64="fHY8L0Lq6jayN2ybi5nRkuRgM8k=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSItRj0YvHivYD2lAm2027dLMJuxuhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqaKsRWMRq26AmgkuWctwI1g3UQyjQLBOMLmd1ztPTGkey0czTZgf4UjykFM01nrAQW1QrrhVdyGyDl4OFcjVHJS/+sOYphGThgrUuue5ifEzVIZTwWalfqpZgnSCI9azKDFi2s8Wq87IhXWGJIyVfdKQhft7IsNI62kU2M4IzViv1ubmf7VeasJrP+MySQ2TdPlRmApiYjK/mwy5YtSIqQWkittdCR2jQmpsOiUbgrd68jq0a1XP8v1VpXGTx1GEMziHS/CgDg24gya0gMIInuEV3hzhvDjvzseyteDkM6fwR87nD+odjYo=</latexit><latexit sha1_base64="fHY8L0Lq6jayN2ybi5nRkuRgM8k=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSItRj0YvHivYD2lAm2027dLMJuxuhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqaKsRWMRq26AmgkuWctwI1g3UQyjQLBOMLmd1ztPTGkey0czTZgf4UjykFM01nrAQW1QrrhVdyGyDl4OFcjVHJS/+sOYphGThgrUuue5ifEzVIZTwWalfqpZgnSCI9azKDFi2s8Wq87IhXWGJIyVfdKQhft7IsNI62kU2M4IzViv1ubmf7VeasJrP+MySQ2TdPlRmApiYjK/mwy5YtSIqQWkittdCR2jQmpsOiUbgrd68jq0a1XP8v1VpXGTx1GEMziHS/CgDg24gya0gMIInuEV3hzhvDjvzseyteDkM6fwR87nD+odjYo=</latexit><latexit sha1_base64="fHY8L0Lq6jayN2ybi5nRkuRgM8k=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSItRj0YvHivYD2lAm2027dLMJuxuhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqaKsRWMRq26AmgkuWctwI1g3UQyjQLBOMLmd1ztPTGkey0czTZgf4UjykFM01nrAQW1QrrhVdyGyDl4OFcjVHJS/+sOYphGThgrUuue5ifEzVIZTwWalfqpZgnSCI9azKDFi2s8Wq87IhXWGJIyVfdKQhft7IsNI62kU2M4IzViv1ubmf7VeasJrP+MySQ2TdPlRmApiYjK/mwy5YtSIqQWkittdCR2jQmpsOiUbgrd68jq0a1XP8v1VpXGTx1GEMziHS/CgDg24gya0gMIInuEV3hzhvDjvzseyteDkM6fwR87nD+odjYo=</latexit>

am
<latexit sha1_base64="uGkhqy/YuhTKr1EIG2B45HDVWx0=">AAAB6nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHivYD2qXMptk2NMkuSVYopT/BiwdFvPqLvPlvTNs9aOsLgYd3ZsjMG6WCG+v7315hbX1jc6u4XdrZ3ds/KB8eNU2SacoaNBGJbkdomOCKNSy3grVTzVBGgrWi0e2s3npi2vBEPdpxykKJA8VjTtE66wF7sleu+FV/LrIKQQ4VyFXvlb+6/YRmkilLBRrTCfzUhhPUllPBpqVuZliKdIQD1nGoUDITTuarTsmZc/okTrR7ypK5+3tigtKYsYxcp0Q7NMu1mflfrZPZ+DqccJVmlim6+CjOBLEJmd1N+lwzasXYAVLN3a6EDlEjtS6dkgshWD55FZoX1cDx/WWldpPHUYQTOIVzCOAKanAHdWgAhQE8wyu8ecJ78d69j0VrwctnjuGPvM8fQ5iNxQ==</latexit><latexit sha1_base64="uGkhqy/YuhTKr1EIG2B45HDVWx0=">AAAB6nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHivYD2qXMptk2NMkuSVYopT/BiwdFvPqLvPlvTNs9aOsLgYd3ZsjMG6WCG+v7315hbX1jc6u4XdrZ3ds/KB8eNU2SacoaNBGJbkdomOCKNSy3grVTzVBGgrWi0e2s3npi2vBEPdpxykKJA8VjTtE66wF7sleu+FV/LrIKQQ4VyFXvlb+6/YRmkilLBRrTCfzUhhPUllPBpqVuZliKdIQD1nGoUDITTuarTsmZc/okTrR7ypK5+3tigtKYsYxcp0Q7NMu1mflfrZPZ+DqccJVmlim6+CjOBLEJmd1N+lwzasXYAVLN3a6EDlEjtS6dkgshWD55FZoX1cDx/WWldpPHUYQTOIVzCOAKanAHdWgAhQE8wyu8ecJ78d69j0VrwctnjuGPvM8fQ5iNxQ==</latexit><latexit sha1_base64="uGkhqy/YuhTKr1EIG2B45HDVWx0=">AAAB6nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHivYD2qXMptk2NMkuSVYopT/BiwdFvPqLvPlvTNs9aOsLgYd3ZsjMG6WCG+v7315hbX1jc6u4XdrZ3ds/KB8eNU2SacoaNBGJbkdomOCKNSy3grVTzVBGgrWi0e2s3npi2vBEPdpxykKJA8VjTtE66wF7sleu+FV/LrIKQQ4VyFXvlb+6/YRmkilLBRrTCfzUhhPUllPBpqVuZliKdIQD1nGoUDITTuarTsmZc/okTrR7ypK5+3tigtKYsYxcp0Q7NMu1mflfrZPZ+DqccJVmlim6+CjOBLEJmd1N+lwzasXYAVLN3a6EDlEjtS6dkgshWD55FZoX1cDx/WWldpPHUYQTOIVzCOAKanAHdWgAhQE8wyu8ecJ78d69j0VrwctnjuGPvM8fQ5iNxQ==</latexit><latexit sha1_base64="uGkhqy/YuhTKr1EIG2B45HDVWx0=">AAAB6nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHivYD2qXMptk2NMkuSVYopT/BiwdFvPqLvPlvTNs9aOsLgYd3ZsjMG6WCG+v7315hbX1jc6u4XdrZ3ds/KB8eNU2SacoaNBGJbkdomOCKNSy3grVTzVBGgrWi0e2s3npi2vBEPdpxykKJA8VjTtE66wF7sleu+FV/LrIKQQ4VyFXvlb+6/YRmkilLBRrTCfzUhhPUllPBpqVuZliKdIQD1nGoUDITTuarTsmZc/okTrR7ypK5+3tigtKYsYxcp0Q7NMu1mflfrZPZ+DqccJVmlim6+CjOBLEJmd1N+lwzasXYAVLN3a6EDlEjtS6dkgshWD55FZoX1cDx/WWldpPHUYQTOIVzCOAKanAHdWgAhQE8wyu8ecJ78d69j0VrwctnjuGPvM8fQ5iNxQ==</latexit>

bP (yi > rk) = s

� mX

j

wjaj + bk

�

<latexit sha1_base64="ODmb6Tbw4kN7qLYf/45mjVP376E="></latexit><latexit sha1_base64="ODmb6Tbw4kN7qLYf/45mjVP376E="></latexit><latexit sha1_base64="ODmb6Tbw4kN7qLYf/45mjVP376E="></latexit><latexit sha1_base64="ODmb6Tbw4kN7qLYf/45mjVP376E="></latexit>

Age label
[30]

<latexit sha1_base64="M7vmw7VbJIUf0IZQmzGANVHtQBA=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCrosunFZwV4gDWUynbRDZyZhZiKU0Fdw40IRt76QO9/GSZqFtv4w8PGfc5hz/jDhTBvX/XYqa+sbm1vV7drO7t7+Qf3wqKvjVBHaITGPVT/EmnImaccww2k/URSLkNNeOL3L670nqjSL5aOZJTQQeCxZxAg2ueVfusGw3nCbbiG0Cl4JDSjVHta/BqOYpIJKQzjW2vfcxAQZVoYRTue1QappgskUj6lvUWJBdZAVu87RmXVGKIqVfdKgwv09kWGh9UyEtlNgM9HLtdz8r+anJroJMiaT1FBJFh9FKUcmRvnhaMQUJYbPLGCimN0VkQlWmBgbT82G4C2fvArdi6Zn+eGq0bot46jCCZzCOXhwDS24hzZ0gMAEnuEV3hzhvDjvzseiteKUM8fwR87nD02+jb0=</latexit><latexit sha1_base64="M7vmw7VbJIUf0IZQmzGANVHtQBA=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCrosunFZwV4gDWUynbRDZyZhZiKU0Fdw40IRt76QO9/GSZqFtv4w8PGfc5hz/jDhTBvX/XYqa+sbm1vV7drO7t7+Qf3wqKvjVBHaITGPVT/EmnImaccww2k/URSLkNNeOL3L670nqjSL5aOZJTQQeCxZxAg2ueVfusGw3nCbbiG0Cl4JDSjVHta/BqOYpIJKQzjW2vfcxAQZVoYRTue1QappgskUj6lvUWJBdZAVu87RmXVGKIqVfdKgwv09kWGh9UyEtlNgM9HLtdz8r+anJroJMiaT1FBJFh9FKUcmRvnhaMQUJYbPLGCimN0VkQlWmBgbT82G4C2fvArdi6Zn+eGq0bot46jCCZzCOXhwDS24hzZ0gMAEnuEV3hzhvDjvzseiteKUM8fwR87nD02+jb0=</latexit><latexit sha1_base64="M7vmw7VbJIUf0IZQmzGANVHtQBA=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCrosunFZwV4gDWUynbRDZyZhZiKU0Fdw40IRt76QO9/GSZqFtv4w8PGfc5hz/jDhTBvX/XYqa+sbm1vV7drO7t7+Qf3wqKvjVBHaITGPVT/EmnImaccww2k/URSLkNNeOL3L670nqjSL5aOZJTQQeCxZxAg2ueVfusGw3nCbbiG0Cl4JDSjVHta/BqOYpIJKQzjW2vfcxAQZVoYRTue1QappgskUj6lvUWJBdZAVu87RmXVGKIqVfdKgwv09kWGh9UyEtlNgM9HLtdz8r+anJroJMiaT1FBJFh9FKUcmRvnhaMQUJYbPLGCimN0VkQlWmBgbT82G4C2fvArdi6Zn+eGq0bot46jCCZzCOXhwDS24hzZ0gMAEnuEV3hzhvDjvzseiteKUM8fwR87nD02+jb0=</latexit><latexit sha1_base64="M7vmw7VbJIUf0IZQmzGANVHtQBA=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCrosunFZwV4gDWUynbRDZyZhZiKU0Fdw40IRt76QO9/GSZqFtv4w8PGfc5hz/jDhTBvX/XYqa+sbm1vV7drO7t7+Qf3wqKvjVBHaITGPVT/EmnImaccww2k/URSLkNNeOL3L670nqjSL5aOZJTQQeCxZxAg2ueVfusGw3nCbbiG0Cl4JDSjVHta/BqOYpIJKQzjW2vfcxAQZVoYRTue1QappgskUj6lvUWJBdZAVu87RmXVGKIqVfdKgwv09kWGh9UyEtlNgM9HLtdz8r+anJroJMiaT1FBJFh9FKUcmRvnhaMQUJYbPLGCimN0VkQlWmBgbT82G4C2fvArdi6Zn+eGq0bot46jCCZzCOXhwDS24hzZ0gMAEnuEV3hzhvDjvzseiteKUM8fwR87nD02+jb0=</latexit>
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2

<latexit sha1_base64="/XCD8nf7cWvcS8D4qcb5KAZy6ww="></latexit><latexit sha1_base64="/XCD8nf7cWvcS8D4qcb5KAZy6ww="></latexit><latexit sha1_base64="/XCD8nf7cWvcS8D4qcb5KAZy6ww="></latexit><latexit sha1_base64="/XCD8nf7cWvcS8D4qcb5KAZy6ww="></latexit>

Extended label

{<latexit sha1_base64="tFROaEGhmnnMpUlcEPFjR2z/BNI=">AAAB6XicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDL+27Vq3lzkVXwC6hCoUbf/eoNEpbFKA0TVOuu76UmyKkynAmcVnqZxpSyMR1i16KkMeogn286JWfWGZAoUfZJQ+bu74mcxlpP4tB2xtSM9HJtZv5X62Ymug5yLtPMoGSLj6JMEJOQ2dlkwBUyIyYWKFPc7krYiCrKjA2nYkPwl09ehdZFzbd8f1mt3xRxlOEETuEcfLiCOtxBA5rAIIJneIU3Z+y8OO/Ox6K15BQzx/BHzucPm4aNZQ==</latexit> <latexit sha1_base64="tFROaEGhmnnMpUlcEPFjR2z/BNI=">AAAB6XicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDL+27Vq3lzkVXwC6hCoUbf/eoNEpbFKA0TVOuu76UmyKkynAmcVnqZxpSyMR1i16KkMeogn286JWfWGZAoUfZJQ+bu74mcxlpP4tB2xtSM9HJtZv5X62Ymug5yLtPMoGSLj6JMEJOQ2dlkwBUyIyYWKFPc7krYiCrKjA2nYkPwl09ehdZFzbd8f1mt3xRxlOEETuEcfLiCOtxBA5rAIIJneIU3Z+y8OO/Ox6K15BQzx/BHzucPm4aNZQ==</latexit> <latexit sha1_base64="tFROaEGhmnnMpUlcEPFjR2z/BNI=">AAAB6XicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDL+27Vq3lzkVXwC6hCoUbf/eoNEpbFKA0TVOuu76UmyKkynAmcVnqZxpSyMR1i16KkMeogn286JWfWGZAoUfZJQ+bu74mcxlpP4tB2xtSM9HJtZv5X62Ymug5yLtPMoGSLj6JMEJOQ2dlkwBUyIyYWKFPc7krYiCrKjA2nYkPwl09ehdZFzbd8f1mt3xRxlOEETuEcfLiCOtxBA5rAIIJneIU3Z+y8OO/Ox6K15BQzx/BHzucPm4aNZQ==</latexit> <latexit sha1_base64="tFROaEGhmnnMpUlcEPFjR2z/BNI=">AAAB6XicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDL+27Vq3lzkVXwC6hCoUbf/eoNEpbFKA0TVOuu76UmyKkynAmcVnqZxpSyMR1i16KkMeogn286JWfWGZAoUfZJQ+bu74mcxlpP4tB2xtSM9HJtZv5X62Ymug5yLtPMoGSLj6JMEJOQ2dlkwBUyIyYWKFPc7krYiCrKjA2nYkPwl09ehdZFzbd8f1mt3xRxlOEETuEcfLiCOtxBA5rAIIJneIU3Z+y8OO/Ox6K15BQzx/BHzucPm4aNZQ==</latexit>

Label extension 
during training

Figure 1. Illustration of the Consistent Rank Logits CNN (CORAL-CNN) used for age prediction. From the estimated probability values, the binary labels
are obtained via Eq. (5) and converted to the age label via Eq. (1).

due to its high training complexity [1]. Our proposed CORAL
framework does neither require a cost matrix with convex-
row conditions nor explicit weighting terms that depend on
each training example to obtain a rank-monotonic threshold
model and to produce consistent predictions for each binary
task. Moreover, CORAL allows for an optional task impor-
tance weighting. The optional assignment of non-uniform task
importance weights, for example, may be used to address
label imbalances (Section III-E), which makes the CORAL
framework more applicable to real-world datasets.

B. Ordinal Regression with a Consistent Rank Logits Model

We propose the Consistent Rank Logits (CORAL) model for
multi-label CNNs with ordinal responses. Within this frame-
work, the binary tasks produce consistently ranked predictions.
The following two subsections describe the label extension
into binary tasks performed during training as well as the
loss function for parameterizing the neural network to predict
ordinal labels.

a) Label Extension and Rank Prediction.: Given the
training dataset D = {xi, yi}Ni=1, we first extend a rank
label yi into K � 1 binary labels y(1)i , . . . , y(K�1)

i such that
y(k)i 2 {0, 1} indicates whether yi exceeds rank rk, i.e.,
y(k)i = {yi > rk}. The indicator function {·} is 1 if
the inner condition is true, and 0 otherwise. Providing the
extended binary labels as model inputs, we train a single
CNN with K � 1 binary classifiers in the output layer. Here,
the K � 1 binary tasks share the same weight parameter but
have independent bias units, which solves the inconsistency
problem among the predicted binary responses and reduces
the model complexity (Figure 1).

Based on the binary task responses, the predicted rank for

an input xi is then obtained via

h(xi) = rq, (1)

q = 1 +
K�1X

k=1

fk(xi), (2)

where fk(xi) 2 {0, 1} is the prediction of the kth binary
classifier in the output layer. We require that {fk}K�1

k=1 reflect
the ordinal information and are rank-monotonic,

f1(xi) � f2(xi) � . . . , fK�1(xi),

which guarantees that the predictions are consistent.
b) Loss Function.: Let W denote the weight parameters

of the neural network excluding the bias units of the final
layer. The penultimate layer, whose output is denoted as
g(xi,W), shares a single weight with all nodes in the final
output layer. K � 1 independent bias units are then added
to g(xi,W) such that {g(xi,W) + bk}K�1

k=1 are the inputs
to the corresponding binary classifiers in the final layer. Let
s(z) = 1/(1+exp(�z)) be the logistic sigmoid function. The
predicted empirical probability for task k is defined as

(3)bP (y(k)i = 1) = s(g(xi,W) + bk).

For model training, we minimize the loss function

(4)

L(W,b) =

�
NX

i=1

K�1X

k=1

�(k)[ log(s(g(xi,W) + bk))y
(k)
i

+ log(1� s(g(xi,W) + bk))(1� y(k)i )],

which is the weighted cross-entropy of K�1 binary classifiers.
For rank prediction (Eq. 1), the binary labels are obtained via

(5)fk(xi) = { bP (y(k)i = 1) > 0.5}.

Wenzhi Cao, Vahid Mirjalili, and Sebastian Raschka. "Rank-consistent ordinal regression for neural networks." 
arXiv:1901.07884 (2019).

Deep Learning & Ordinal Data
Table 1

Age prediction errors on the test sets without task importance weighting. All models are based on the ResNet-34 architecture.

Method Random
Seed

MORPH-2 AFAD UTKFace CACD
MAE RMSE MAE RMSE MAE RMSE MAE RMSE

CE-CNN

0 3.40 4.88 3.98 5.55 6.57 9.16 6.18 8.86
1 3.39 4.87 4.00 5.57 6.24 8.69 6.10 8.79
2 3.37 4.87 3.96 5.50 6.29 8.78 6.13 8.87

AVG ± SD 3.39 ± 0.02 4.89 ± 0.01 3.98 ± 0.02 5.54 ± 0.04 6.37 ± 0.18 8.88 ± 0.25 6.14 ± 0.04 8.84 ± 0.04

OR-CNN
[1]

0 2.98 4.26 3.66 5.10 5.71 8.11 5.53 7.91
1 2.98 4.26 3.69 5.13 5.80 8.12 5.53 7.98
2 2.96 4.20 3.68 5.14 5.71 8.11 5.49 7.89

AVG ± SD 2.97 ± 0.01 4.24 ± 0.03 3.68 ± 0.02 5.13 ± 0.02 5.74 ± 0.05 8.08 ± 0.06 5.52 ± 0.02 7.93 ± 0.05

CORAL-CNN
(ours)

0 2.68 3.75 3.49 4.82 5.46 7.61 5.56 7.80
1 2.63 3.66 3.46 4.83 5.46 7.63 5.37 7.64
2 2.61 3.64 3.52 4.91 5.48 7.63 5.25 7.53

AVG ± SD 2.64 ± 0.04 3.68 ± 0.06 3.49 ± 0.03 4.85 ± 0.05 5.47 ± 0.01 7.62 ± 0.01 5.39 ± 0.16 7.66 ± 0.14

lower-quality images, a possible reason why the methods per-
form worse on UTKFace compared to AFAD is that UTKFace
is about ten times smaller than AFAD. Because CACD has
approximately the same size as AFAD, the lower performance
may be explained by the wider age range that needs to be
considered (14-62 in CACD compared to 15-40 in AFAD).

B. Inconsistencies Inccurred by OR-CNN
This section analyzes the rank inconsistency issue of Niu

et al.’s method [1] in more detail. Figure 4 shows an example
of an inconsistent rank prediction for OR-CNN on a single
image in the MORPH-2 test dataset.

Table 2 lists the average numbers of inconsistencies that
were observed for the different test datasets predictions, where
an inconsistency occurs if the predictions of the binary classifi-
cation tasks are not rank-monotonic (as shown in the example
in Figure 4). As expected, due to the theoretical guarantees,
no rank inconsistencies were observed for CORAL-CNN. The
average number of rank inconsistencies inccurred by Ordinal-
CNN is between 2.32 and 5.56, depending on the dataset.

When comparing the average number of rank inconsisten-
cies that occur among the test predictions that predict the age
labels correctly (Table 2, penultimate column) to the number
of inconsistencies among the incorrect predictions (Table 2,
last column), it can be seen that the ordinal regression method
by Niu et al [1] has a smaller number of rank inconsistencies
if it predicts the age label correctly. This observation suggests
that the rank inconsistencies are detrimental to the predictive
performance, and the better performance of CORAL-CNN
compared to Ordinal-CNN (Table and Figure) may be achieved
by eliminating the rank inconsistency issue.

C. Task Importance Weighting
While all results described in the previous section are

based on experiments without task importance weighting (i.e.,
8k : �(k) = 1), we repeated all experiments using our
weighting scheme proposed in Section III-E, which takes label
imbalances into account. Note that according to Theorem 1,
CORAL still guarantees classifier consistency under any cho-
sen task weighting scheme as long as weights are assigned

positive values. From the results provided in Table 3, we
find that by using a task weighting scheme that also takes
label imbalances into account (Eq. 7), we can further improve
the performance of the CORAL-CNN models across all four
datasets.

To test the hypothesis that the improvements in predic-
tive performance via the task importance weighting are due
to addressing the label imbalance, we conducted additional
experiments using balanced datasets (Figure 5B). To balance
the MORPH-2 and AFAD datasets (Figure 5A), we selected a
smaller age range (18-39 years for AFAD and 18-45 years
for MORPH-2) and randomly removed samples from ages
larger than the age with the smallest number of examples.
The task importance weight distributions for the imbalanced
and balanced datasets are shown in Figure 5.

As shown in Table 4, both Niu et al.’s ordinal regression
method [1] and CORAL perform equally well with and
without optional task importance weighting if the datasets
are balanced. Considering this observation in the context of
the predictive performance improvements measured on imbal-
anced datasets (Table 3), we conclude that the task importance
weighting is an effective measure for working with imbalanced
datasets.

VI. CONCLUSIONS

In this paper, we developed the CORAL framework for ordi-
nal regression via extended binary classification with theoreti-
cal guarantees for classifier consistency. Moreover, we proved
classifier consistency without requiring rank- or training label-
dependent weighting schemes, which permits straightforward
implementations and efficient model training. CORAL can be
readily implemented to extend common CNN architectures
for ordinal regression tasks. Applied to four independent age
estimation datasets, the results unequivocally showed that
the CORAL framework substantially improved the predictive
performance of CNNs for age estimation. Our method can
be readily generalized to other ordinal regression problems
and different types of neural network architectures, including
multilayer perceptrons and recurrent neural networks.
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Vaswani A, Shazeer N, Parmar N, Uszkoreit J, Jones L, Gomez AN, Kaiser Ł, Polosukhin I. Attention is all you need. 
InAdvances in neural information processing systems 2017 (pp. 5998-6008).

Figure 1: The Transformer - model architecture.

3.1 Encoder and Decoder Stacks

Encoder: The encoder is composed of a stack of N = 6 identical layers. Each layer has two
sub-layers. The first is a multi-head self-attention mechanism, and the second is a simple, position-
wise fully connected feed-forward network. We employ a residual connection [11] around each of
the two sub-layers, followed by layer normalization [1]. That is, the output of each sub-layer is
LayerNorm(x + Sublayer(x)), where Sublayer(x) is the function implemented by the sub-layer
itself. To facilitate these residual connections, all sub-layers in the model, as well as the embedding
layers, produce outputs of dimension dmodel = 512.

Decoder: The decoder is also composed of a stack of N = 6 identical layers. In addition to the two
sub-layers in each encoder layer, the decoder inserts a third sub-layer, which performs multi-head
attention over the output of the encoder stack. Similar to the encoder, we employ residual connections
around each of the sub-layers, followed by layer normalization. We also modify the self-attention
sub-layer in the decoder stack to prevent positions from attending to subsequent positions. This
masking, combined with fact that the output embeddings are offset by one position, ensures that the
predictions for position i can depend only on the known outputs at positions less than i.

3.2 Attention

An attention function can be described as mapping a query and a set of key-value pairs to an output,
where the query, keys, values, and output are all vectors. The output is computed as a weighted sum
of the values, where the weight assigned to each value is computed by a compatibility function of the
query with the corresponding key.

3
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https://www.theguardian.com/technology/2019/feb/14/elon-
musk-backed-ai-writes-convincing-news-fiction

https://www.theguardian.com/technology/2019/feb/14/elon-musk-backed-ai-writes-convincing-news-fiction
https://www.theguardian.com/technology/2019/feb/14/elon-musk-backed-ai-writes-convincing-news-fiction
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"Google researchers have trained a chatbot with uncannily good 
conversational skills. The bot, named Meena, is a 2.6 billion parameter 
language model trained on 341GB of text data, filtered from public domain 
social media conversations. Meena uses a seq2seq model (the same sort 
of technology that powers Google's "Smart Compose" feature in gmail), 
paired with an Evolved Transformer encoder and decoder - it's interesting 
to see something like this depend so much on a component developed via 
neural architecture search."

https://mailchi.mp/jack-clark/import-ai-183-curve-fitting-conversation-with-
meena-gans-paint-a-climate-change-future-and-what-compute-data-arbitrage-
means-for-simulators


https://mailchi.mp/jack-clark/import-ai-183-curve-fitting-conversation-with-meena-gans-paint-a-climate-change-future-and-what-compute-data-arbitrage-means-for-simulators
https://mailchi.mp/jack-clark/import-ai-183-curve-fitting-conversation-with-meena-gans-paint-a-climate-change-future-and-what-compute-data-arbitrage-means-for-simulators
https://mailchi.mp/jack-clark/import-ai-183-curve-fitting-conversation-with-meena-gans-paint-a-climate-change-future-and-what-compute-data-arbitrage-means-for-simulators
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Human: Hi! 

Meena: Hey there! What's up? 

Human: Same old, Monday blues...what are you up to? 

Meena: I'm procrastinating on a paper I'm supposed to be writing. 

Human: are you thinking of pulling an all nighter? 

Meena: Possibly. What's your paper on? 

Human: Nah, i just do the grunge work around here...one day I wish to write a paper 
that will change the world! 

Meena: What's the topic? 

Human: not sure, any suggestions? 

Meena: Well what's the assignment on? 

Human: breathing under water https://github.com/google-research/
google-research/blob/master/meena/
meena.txt
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Image Source: https://medium.com/huggingface/distilbert-8cf3380435b5

https://medium.com/huggingface/distilbert-8cf3380435b5
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https://github.com/nslatysheva/BERT_papers/blob/master/BERT_Papers.csv

https://github.com/nslatysheva/BERT_papers/blob/master/BERT_Papers.csv
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$2.5k - $50k (110 million parameter model) 

$10k - $200k (340 million parameter model) 

$80k - $1.6m (1.5 billion parameter model)

Costs: Not for the faint hearted

http://arxiv.org/abs/2004.08900

http://arxiv.org/abs/2004.08900


Modeling Sequential Data Using Recurrent Neural Networks
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7KH�GLႇHUHQW�FDWHJRULHV�RI�VHTXHQFH�
modeling
Sequence modeling has many fascinating applications, such as language translation 

(for example, translating text from English to German), image captioning, and text 

generation. However, in order to choose an appropriate architecture and approach, 

we have to understand and be able to distinguish between these different sequence 

PRGHOLQJ�WDVNV��7KH�IROORZLQJ�ÀJXUH��EDVHG�RQ�WKH�H[SODQDWLRQV�LQ�WKH�H[FHOOHQW�
article 7KH�8QUHDVRQDEOH�(IIHFWLYHQHVV�RI�5HFXUUHQW�1HXUDO�1HWZRUNV, by Andrej Karpathy 

(http://karpathy.github.io/2015/05/21/rnn-effectiveness/), summarizes 

the most common sequence modeling tasks, which depend on the relationship 

categories of input and output data:

Let's discuss the different relationship categories between input and output data, 

ZKLFK�ZHUH�GHSLFWHG�LQ�WKH�SUHYLRXV�ÀJXUH��LQ�PRUH�GHWDLO��,I�QHLWKHU�WKH�LQSXW�QRU�
output data represents sequences, then we are dealing with standard data, and we 

FRXOG�VLPSO\�XVH�D�PXOWLOD\HU�SHUFHSWURQ��RU�DQRWKHU�FODVVLÀFDWLRQ�PRGHO�SUHYLRXVO\�
covered in this book) to model such data. However, if either the input or output is a 

sequence, the modeling task likely falls into one of these categories:

• Many-to-one: The input data is a sequence, but the output is a fixed-size 

vector or scalar, not a sequence. For example, in sentiment analysis, the input 

is text-based (for example, a movie review) and the output is a class label (for 

example, a label denoting whether a reviewer liked the movie).

• One-to-many: The input data is in standard format and not a sequence, but 

the output is a sequence. An example of this category is image captioning—

the input is an image and the output is an English phrase summarizing the 

content of that image.

Despite LSTM, it may be hard to 
memorize long sequences/

sentences (e.g., for language 
translation)

Recurrent Neural Networks
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Attention Mechanism
• originally developed for language translation:  

Bahdanau, D., Cho, K., & Bengio, Y. (2014). Neural machine translation by jointly 
learning to align and translate. arXiv preprint arXiv:1409.0473.

"... allowing a model to automatically (soft-)search for parts of a source 
sentence that are relevant to predicting a target word ..."

Published as a conference paper at ICLR 2015

0 10 20 30 40 50 60

Sentence length

0

5

10

15

20

25

30

B
L
E
U

sc
or
e

RNNsearch-50

RNNsearch-30

RNNenc-50

RNNenc-30

Figure 2: The BLEU scores
of the generated translations
on the test set with respect
to the lengths of the sen-
tences. The results are on
the full test set which in-
cludes sentences having un-
known words to the models.

2012 and news-test-2013 to make a development (validation) set, and evaluate the models on the test
set (news-test-2014) from WMT ’14, which consists of 3003 sentences not present in the training
data.

After a usual tokenization6, we use a shortlist of 30,000 most frequent words in each language to
train our models. Any word not included in the shortlist is mapped to a special token ([UNK]). We
do not apply any other special preprocessing, such as lowercasing or stemming, to the data.

4.2 MODELS

We train two types of models. The first one is an RNN Encoder–Decoder (RNNencdec, Cho et al.,
2014a), and the other is the proposed model, to which we refer as RNNsearch. We train each model
twice: first with the sentences of length up to 30 words (RNNencdec-30, RNNsearch-30) and then
with the sentences of length up to 50 word (RNNencdec-50, RNNsearch-50).

The encoder and decoder of the RNNencdec have 1000 hidden units each.7 The encoder of the
RNNsearch consists of forward and backward recurrent neural networks (RNN) each having 1000
hidden units. Its decoder has 1000 hidden units. In both cases, we use a multilayer network with a
single maxout (Goodfellow et al., 2013) hidden layer to compute the conditional probability of each
target word (Pascanu et al., 2014).

We use a minibatch stochastic gradient descent (SGD) algorithm together with Adadelta (Zeiler,
2012) to train each model. Each SGD update direction is computed using a minibatch of 80 sen-
tences. We trained each model for approximately 5 days.

Once a model is trained, we use a beam search to find a translation that approximately maximizes the
conditional probability (see, e.g., Graves, 2012; Boulanger-Lewandowski et al., 2013). Sutskever
et al. (2014) used this approach to generate translations from their neural machine translation model.

For more details on the architectures of the models and training procedure used in the experiments,
see Appendices A and B.

5 RESULTS

5.1 QUANTITATIVE RESULTS

In Table 1, we list the translation performances measured in BLEU score. It is clear from the table
that in all the cases, the proposed RNNsearch outperforms the conventional RNNencdec. More
importantly, the performance of the RNNsearch is as high as that of the conventional phrase-based
translation system (Moses), when only the sentences consisting of known words are considered.
This is a significant achievement, considering that Moses uses a separate monolingual corpus (418M
words) in addition to the parallel corpora we used to train the RNNsearch and RNNencdec.

6 We used the tokenization script from the open-source machine translation package, Moses.
7 In this paper, by a ’hidden unit’, we always mean the gated hidden unit (see Appendix A.1.1).

5

"traditional"  
encoder+decoder  
RNN
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Attention Mechanism
• originally developed for language translation:  

Bahdanau, D., Cho, K., & Bengio, Y. (2014). Neural machine translation by jointly 
learning to align and translate. arXiv preprint arXiv:1409.0473.

"... allowing a model to automatically (soft-)search for parts of a source 
sentence that are relevant to predicting a target word ..."

Assign attention weight to each word to know how much 
"attention" the model should pay to each word (i.e., for each word, 

the network learns a "context") 
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Attention Mechanism
• originally developed for language translation:  

Bahdanau, D., Cho, K., & Bengio, Y. (2014). Neural machine translation by jointly 
learning to align and translate. arXiv preprint arXiv:1409.0473.

Assign attention weight to each 
word to know how much 

"attention" the model should pay to 
each word (i.e., for each word, the 

network learns a "context") 

Published as a conference paper at ICLR 2015

The decoder is often trained to predict the next word yt0 given the context vector c and all the
previously predicted words {y1, · · · , yt0�1}. In other words, the decoder defines a probability over
the translation y by decomposing the joint probability into the ordered conditionals:

p(y) =
TY

t=1

p(yt | {y1, · · · , yt�1} , c), (2)

where y =
�
y1, · · · , yTy

�
. With an RNN, each conditional probability is modeled as

p(yt | {y1, · · · , yt�1} , c) = g(yt�1, st, c), (3)

where g is a nonlinear, potentially multi-layered, function that outputs the probability of yt, and st is
the hidden state of the RNN. It should be noted that other architectures such as a hybrid of an RNN
and a de-convolutional neural network can be used (Kalchbrenner and Blunsom, 2013).

3 LEARNING TO ALIGN AND TRANSLATE

In this section, we propose a novel architecture for neural machine translation. The new architecture
consists of a bidirectional RNN as an encoder (Sec. 3.2) and a decoder that emulates searching
through a source sentence during decoding a translation (Sec. 3.1).

3.1 DECODER: GENERAL DESCRIPTION
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Figure 1: The graphical illus-
tration of the proposed model
trying to generate the t-th tar-
get word yt given a source
sentence (x1, x2, . . . , xT ).

In a new model architecture, we define each conditional probability
in Eq. (2) as:

p(yi|y1, . . . , yi�1,x) = g(yi�1, si, ci), (4)

where si is an RNN hidden state for time i, computed by

si = f(si�1, yi�1, ci).

It should be noted that unlike the existing encoder–decoder ap-
proach (see Eq. (2)), here the probability is conditioned on a distinct
context vector ci for each target word yi.

The context vector ci depends on a sequence of annotations
(h1, · · · , hTx) to which an encoder maps the input sentence. Each
annotation hi contains information about the whole input sequence
with a strong focus on the parts surrounding the i-th word of the
input sequence. We explain in detail how the annotations are com-
puted in the next section.

The context vector ci is, then, computed as a weighted sum of these
annotations hi:

ci =
TxX

j=1

↵ijhj . (5)

The weight ↵ij of each annotation hj is computed by

↵ij =
exp (eij)PTx

k=1 exp (eik)
, (6)

where
eij = a(si�1, hj)

is an alignment model which scores how well the inputs around position j and the output at position
i match. The score is based on the RNN hidden state si�1 (just before emitting yi, Eq. (4)) and the
j-th annotation hj of the input sentence.

We parametrize the alignment model a as a feedforward neural network which is jointly trained with
all the other components of the proposed system. Note that unlike in traditional machine translation,

3
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(a) (b)

(c) (d)

Figure 3: Four sample alignments found by RNNsearch-50. The x-axis and y-axis of each plot
correspond to the words in the source sentence (English) and the generated translation (French),
respectively. Each pixel shows the weight ↵ij of the annotation of the j-th source word for the i-th
target word (see Eq. (6)), in grayscale (0: black, 1: white). (a) an arbitrary sentence. (b–d) three
randomly selected samples among the sentences without any unknown words and of length between
10 and 20 words from the test set.

One of the motivations behind the proposed approach was the use of a fixed-length context vector
in the basic encoder–decoder approach. We conjectured that this limitation may make the basic
encoder–decoder approach to underperform with long sentences. In Fig. 2, we see that the perfor-
mance of RNNencdec dramatically drops as the length of the sentences increases. On the other hand,
both RNNsearch-30 and RNNsearch-50 are more robust to the length of the sentences. RNNsearch-
50, especially, shows no performance deterioration even with sentences of length 50 or more. This
superiority of the proposed model over the basic encoder–decoder is further confirmed by the fact
that the RNNsearch-30 even outperforms RNNencdec-50 (see Table 1).

6
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Abstract

The dominant sequence transduction models are based on complex recurrent or
convolutional neural networks that include an encoder and a decoder. The best
performing models also connect the encoder and decoder through an attention
mechanism. We propose a new simple network architecture, the Transformer,
based solely on attention mechanisms, dispensing with recurrence and convolutions
entirely. Experiments on two machine translation tasks show these models to
be superior in quality while being more parallelizable and requiring significantly
less time to train. Our model achieves 28.4 BLEU on the WMT 2014 English-
to-German translation task, improving over the existing best results, including
ensembles, by over 2 BLEU. On the WMT 2014 English-to-French translation task,
our model establishes a new single-model state-of-the-art BLEU score of 41.8 after
training for 3.5 days on eight GPUs, a small fraction of the training costs of the
best models from the literature. We show that the Transformer generalizes well to
other tasks by applying it successfully to English constituency parsing both with
large and limited training data.

1 Introduction

Recurrent neural networks, long short-term memory [13] and gated recurrent [7] neural networks
in particular, have been firmly established as state of the art approaches in sequence modeling and

⇤Equal contribution. Listing order is random. Jakob proposed replacing RNNs with self-attention and started
the effort to evaluate this idea. Ashish, with Illia, designed and implemented the first Transformer models and
has been crucially involved in every aspect of this work. Noam proposed scaled dot-product attention, multi-head
attention and the parameter-free position representation and became the other person involved in nearly every
detail. Niki designed, implemented, tuned and evaluated countless model variants in our original codebase and
tensor2tensor. Llion also experimented with novel model variants, was responsible for our initial codebase, and
efficient inference and visualizations. Lukasz and Aidan spent countless long days designing various parts of and
implementing tensor2tensor, replacing our earlier codebase, greatly improving results and massively accelerating
our research.

†Work performed while at Google Brain.
‡Work performed while at Google Research.

31st Conference on Neural Information Processing Systems (NIPS 2017), Long Beach, CA, USA.
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Figure 1: The Transformer - model architecture.

3.1 Encoder and Decoder Stacks

Encoder: The encoder is composed of a stack of N = 6 identical layers. Each layer has two
sub-layers. The first is a multi-head self-attention mechanism, and the second is a simple, position-
wise fully connected feed-forward network. We employ a residual connection [11] around each of
the two sub-layers, followed by layer normalization [1]. That is, the output of each sub-layer is
LayerNorm(x + Sublayer(x)), where Sublayer(x) is the function implemented by the sub-layer
itself. To facilitate these residual connections, all sub-layers in the model, as well as the embedding
layers, produce outputs of dimension dmodel = 512.

Decoder: The decoder is also composed of a stack of N = 6 identical layers. In addition to the two
sub-layers in each encoder layer, the decoder inserts a third sub-layer, which performs multi-head
attention over the output of the encoder stack. Similar to the encoder, we employ residual connections
around each of the sub-layers, followed by layer normalization. We also modify the self-attention
sub-layer in the decoder stack to prevent positions from attending to subsequent positions. This
masking, combined with fact that the output embeddings are offset by one position, ensures that the
predictions for position i can depend only on the known outputs at positions less than i.

3.2 Attention

An attention function can be described as mapping a query and a set of key-value pairs to an output,
where the query, keys, values, and output are all vectors. The output is computed as a weighted sum
of the values, where the weight assigned to each value is computed by a compatibility function of the
query with the corresponding key.

3
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Abstract
Transformer has been widely used thanks to
its ability to capture sequence information in
an efficient way. However, recent develop-
ments, such as BERT and GPT-2, deliver only
heavy architectures with a focus on effective-
ness. In this paper, we explore three carefully-
designed light Transformer architectures to fig-
ure out whether the Transformer with less
computations could produce competitive re-
sults. Experimental results on language model
benchmark datasets hint that such trade-off is
promising, and the light Transformer reduces
70% parameters at best, while obtains compet-
itive perplexity compared to standard Trans-
former. The source code is publicly avail-
able 1.

1 Introduction

Transformer has shown its effectiveness in model-
ing sequence information due to the combination of
self-attention mechanism and positional encoding.
The variants of Transformer architecture, such as
BERT (Devlin et al., 2018) and GPT-2 (Radford
et al., 2018, 2019), have obtained the state-of-the-
art results across a wide range of NLP tasks, includ-
ing GLUE benchmark dataset (Wang et al., 2018),
and question answering dataset, e.g., SQuAD (Ra-
jpurkar et al., 2016). However, Transformer in
nature is a fully-connected feed-forward neural net-
work and exhibits heavy computation characteris-
tics. The recent BERT and GPT-2 are constructed
as a stack of Transformer blocks, e.g., the largest
GPT-2 is a stack of 48 Transformer blocks and con-
tains 1542M parameters, BERT-large contains 24
layers of Transformer block and results in 340M pa-
rameters, therefore the computational burden of the
fully connected Transformer becomes heavier. A
side effect in industrial applications is that this po-
tentially makes it harder to deploy due to the huge

1https://tinyurl.com/qkp3zf3

size of the model. Therefore a light version of the
standard Transformer architecture is expected to
relieve the heavy computation issue and compress
the model to ease the deployment in real world
applications.

In this paper, we carefully design several light
Transformer architectures. The intuition behind the
light Transformers is: preserving the Transformer
connections that are useful to capture the essential
sequence information, while omitting the ones with
less impact. In particular, we explore along two
directions: 1) better preserve the connections that
are useful for capturing long-range dependency.
We adapt the idea of dilated convolutions (Yu and
Koltun, 2015) to preserve the Transformer connec-
tions that are useful to extend the effective history
of the context, and 2) better preserve the connec-
tions that are essential in capturing local context.
We leverage cascade connections that are capable
to intensively incorporate the local context infor-
mation in a flexible manner.

The contributions of the paper are two-folds:

• We explore three light Transformer architec-
tures that are able to preserve the necessary
connections in standard Transformer. We
show that the light Transformer architectures
reduce the computation from quadratic to lin-
ear compared to the standard Transformer.

• We conduct experiments on two language
model benchmark datasets, one of the most
traditional sequence modeling tasks, where
the results indicate that the lightest architec-
ture could reduce 70% parameters of standard
Transformer, and performs competitively with
the standard Transformer.

2 Light Transformers
We describe the three proposed light Transformer
architectures in this section.

1
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(a) Full Transformer. (b) Dilated Transformer. (c) Dilated Transformer
with memory.

(d) Cascade Transformer.

Figure 1: Transformer architectures. (a): standard Transformer; (b)-(d): proposed light Transformers.

Model Computation Complexity
Full O(n2 · h)
Dilated O(n · k · h)
Dilated-Memory O(n · k · c · h)
Cascade O(n · b ·ml · h)

Table 1: Computation complexities of different Trans-
former architectures. Full: full Transformer; Dilated:
dilated Transformer; Dilated-Memory: dilated Trans-
former with memory; Cascade: cascade Transformer;
n is the length of the sequence. h is the size of the hid-
den state. k is the filter size. b is the base window size.
m is the cardinal number.

3 Transformer Language Model

We select language model as the task to evaluate
the proposed Transformer architecture, since it is
one of the fundamental NLP tasks. In this section,
we introduce how the different Transformer blocks
adapted to the task of language model.

Given a corpus of tokens X = (X1, . . . , XT ),
the objective of language model is described in
Eq. 1.

L(X) =
X

t

logP (Xt|X<t) (1)

Then the Transformer (decoder) blocks are used
to generate the output distribution over the vocabu-
lary as indicated in Eq. 4.

h0 = XWe +Wp (2)

hl = transformer block(hl�1) (3)

p(X) = softmax(hLWe
T ) (4)

where transformer block can be replaced with any
of the three proposed Transformer architectures, hl
is the hidden output of l-th layer, We is the word
embedding matrix, and Wp is positional embedding
matrix.

4 Experiments

We compare the light Transformers with standard
Transformers from both results and computation
perspectives.

4.1 Datasets and Metrics
We evaluate the proposed methods on three widely-
used language model benchmark datasets. Penn
TreeBank (PTB): we use the preprocessed version
of (Mikolov et al., 2010), which contains 100M
tokens. WikiText-2 (WT-2) is a small prepro-
cessed version of Wikipedia, containing 200M to-
kens (Merity et al., 2016). We use perplexity to
evaluate the language model results.

4.2 Training Details
For fair comparison, the full Transformer and the
light Transformer architectures are with 3 layers,
embedding size equals to 320, number of heads in
the multi-head attention is 16. The dropout rate is
set as 0.4 and 0.2 on PTB and WT-2 respectively.
For dilated Transformer and dilated Transformer
with memory, k = 3, the base of d = 2. For
cascade Transformer, b = 4 and m = 2. For the
light Transformers and full Transformer, the hidden
size equals to 2000. These settings are shared on
the two datasets.

We use truncated back-propagation through time
to compute the gradients across all the experiment
settings. The batch size equals to 20 on both
datasets, whereas the sequence length equals to
70 on both datasets. We use SGD for training with
learning rate equals to 10.

4.3 Results Analysis
We compare the effectiveness of the pro-
posed Transformer architectures with the full-
Transformer architecture. From the results in Ta-
ble 2, we find out that cascade Transformer per-
forms closely to the full-Transformer structure.

3
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ABSTRACT

We present graph attention networks (GATs), novel neural network architectures
that operate on graph-structured data, leveraging masked self-attentional layers to
address the shortcomings of prior methods based on graph convolutions or their
approximations. By stacking layers in which nodes are able to attend over their
neighborhoods’ features, we enable (implicitly) specifying different weights to
different nodes in a neighborhood, without requiring any kind of costly matrix op-
eration (such as inversion) or depending on knowing the graph structure upfront.
In this way, we address several key challenges of spectral-based graph neural net-
works simultaneously, and make our model readily applicable to inductive as well
as transductive problems. Our GAT models have achieved or matched state-of-the-
art results across four established transductive and inductive graph benchmarks:
the Cora, Citeseer and Pubmed citation network datasets, as well as a protein-
protein interaction dataset (wherein test graphs remain unseen during training).

1 INTRODUCTION

Convolutional Neural Networks (CNNs) have been successfully applied to tackle problems such
as image classification (He et al., 2016), semantic segmentation (Jégou et al., 2017) or machine
translation (Gehring et al., 2016), where the underlying data representation has a grid-like structure.
These architectures efficiently reuse their local filters, with learnable parameters, by applying them
to all the input positions.

However, many interesting tasks involve data that can not be represented in a grid-like structure and
that instead lies in an irregular domain. This is the case of 3D meshes, social networks, telecommu-
nication networks, biological networks or brain connectomes. Such data can usually be represented
in the form of graphs.

There have been several attempts in the literature to extend neural networks to deal with arbitrarily
structured graphs. Early work used recursive neural networks to process data represented in graph
domains as directed acyclic graphs (Frasconi et al., 1998; Sperduti & Starita, 1997). Graph Neural
Networks (GNNs) were introduced in Gori et al. (2005) and Scarselli et al. (2009) as a generalization
of recursive neural networks that can directly deal with a more general class of graphs, e.g. cyclic,
directed and undirected graphs. GNNs consist of an iterative process, which propagates the node
states until equilibrium; followed by a neural network, which produces an output for each node

⇤Work performed while the author was at the Montréal Institute of Learning Algorithms.
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Figure 1: Left: The attention mechanism a(W~hi,W~hj) employed by our model, parametrized
by a weight vector ~a 2 R2F 0

, applying a LeakyReLU activation. Right: An illustration of multi-
head attention (with K = 3 heads) by node 1 on its neighborhood. Different arrow styles and
colors denote independent attention computations. The aggregated features from each head are
concatenated or averaged to obtain ~h0

1.

applying a nonlinearity, �):
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↵ijW~hj

1

A . (4)

To stabilize the learning process of self-attention, we have found extending our mechanism to em-
ploy multi-head attention to be beneficial, similarly to Vaswani et al. (2017). Specifically, K inde-
pendent attention mechanisms execute the transformation of Equation 4, and then their features are
concatenated, resulting in the following output feature representation:

~h
0
i =

K

k
k=1

�

0

@
X

j2Ni

↵
k
ijW

k~hj

1

A (5)

where k represents concatenation, ↵k
ij are normalized attention coefficients computed by the k-th

attention mechanism (ak), and Wk is the corresponding input linear transformation’s weight matrix.
Note that, in this setting, the final returned output, h0, will consist of KF

0 features (rather than F
0)

for each node.

Specially, if we perform multi-head attention on the final (prediction) layer of the network, concate-
nation is no longer sensible—instead, we employ averaging, and delay applying the final nonlinear-
ity (usually a softmax or logistic sigmoid for classification problems) until then:

~h
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i = �

0

@ 1

K

KX

k=1

X
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↵
k
ijW

k~hj

1

A (6)

The aggregation process of a multi-head graph attentional layer is illustrated by Figure 1 (right).

2.2 COMPARISONS TO RELATED WORK

The graph attentional layer described in subsection 2.1 directly addresses several issues that were
present in prior approaches to modelling graph-structured data with neural networks:

• Computationally, it is highly efficient: the operation of the self-attentional layer can be par-
allelized across all edges, and the computation of output features can be parallelized across

4
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AI-based GPCR bioactive ligand discovery
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Figure 4: Summary of commonly used molecular representation methods based on the example of Aspirin (shown in the

center). (A) A molecular fingerprint encodes structural motifs into a sparse bit vector. (B) A SMILES string encoding

structural information of the molecule as well as its stereochemistry. (C) A visualization of the 3D voxelization concept.

Note that information about which atoms occupy which voxels would be encoded in a 4th dimension which is omitted in

this visualization. (D) Illustration of how information is passed to an atom in a simple graph neural network. Note that

the graph-structural information will be passed from more distant atoms when the summation is repeated (not shown).

protein-ligand complex is important for the task.
We examine the 3D voxelization process from Ragoza et al. as a concrete example [125]. In this publication the

authors create 3D voxel representations of high-scoring docking poses of protein-ligand complexes for use in a 3D
CNN that computes binding a�nities. This representation voxelizes a 24 Å cube centered on the docked ligand into
.5 Å voxels. Each voxel has channels for Smina atom types in the ligand and separately for Smina atom types in the
protein [126]. The value contributed to a channel by an atom of the type that is associated with that channel is based on
a function of two values: First, the distance between the center of the voxel and the center of that atom, and second, the
atomâ��s van der Waals radius." This function is a continuous piece-wise combination of a Gaussian and a quadratic
based on these two values.

2.4. Graph representation

Molecules are commonly visualized as undirected graphs. In this representation, atoms represent the graphâ��s
nodes, and the bonds are the graphâ��s edges. A naive approach that utilizes such graphical information is to consider
pictures of molecular graphs as inputs to a DNN. This has been tried in the literature using 2D CNN architectures that
have been e�ective for image classification [127, 128]. However, these models do not outperform MLP and random
forest trained on ECFPs. Two issues with this approach are that atomic properties and spatial relationships must be
inferred implicitly and that the representation is sparse, with lots of white space that provides little chemically relevant
information to the CNNs. Both these issues can be addressed with graph neural networks (GNNs) [129, 130].

NNs operate directly on a molecular graph (Figure 4 D). Similar to images, graphs can encode local structure, but
the local structural information is based on the graphs structure rather than Euclidean distance. Like CNNs, GNNs
utilize sparse connectivity and parameter sharing, but the connectivity is based on the graph’s structure. For a detailed
explanation of graph convolutional operators, we refer to [130]. On a high-level, graph convolutions are based on
message passing frameworks for GNNs. At each node of the graph, the following steps are performed: a message
function is applied to each of a nodes’ neighbors individually, and the outputs are then added. An update function is
then applied to the summed message functions and the current node with the output being the updated value for the
current node. After graph convolutions are performed, the information in the graph can be aggregated by a readout
function, which produces the networks’ prediction output.

Raschka and Kaufman: Preprint submitted to Elsevier Page 11 of 24

Sebastian Raschka and Benjamin Kaufman (2020) 
Machine learning and AI-based approaches for bioactive ligand discovery 
and GPCR-ligand recognition  arXiv:2001.06545
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Self-Supervised Learning: 
Image Colorization

61

Zhang R, Isola P, Efros AA. Colorful image colorization. 
InEuropean conference on computer vision 2016 Oct 8 (pp. 
649-666). Springer, Cham.

2 Zhang, Isola, Efros

Fig. 1. Example input grayscale photos and output colorizations from our algo-
rithm. These examples are cases where our model works especially well. Please visit
http://richzhang.github.io/colorization/ to see the full range of results and to
try our model and code. Best viewed in color (obviously).

we leverage large-scale data. Predicting color has the nice property that training
data is practically free: any color photo can be used as a training example, simply
by taking the image’s L channel as input and its ab channels as the supervisory
signal. Others have noted the easy availability of training data, and previous
works have trained convolutional neural networks (CNNs) to predict color on
large datasets [1,2]. However, the results from these previous attempts tend to
look desaturated. One explanation is that [1,2] use loss functions that encourage
conservative predictions. These losses are inherited from standard regression
problems, where the goal is to minimize Euclidean error between an estimate
and the ground truth.

We instead utilize a loss tailored to the colorization problem. As pointed out
by [3], color prediction is inherently multimodal – many objects can take on
several plausible colorizations. For example, an apple is typically red, green, or
yellow, but unlikely to be blue or orange. To appropriately model the multimodal
nature of the problem, we predict a distribution of possible colors for each pixel.
Furthermore, we re-weight the loss at training time to emphasize rare colors.
This encourages our model to exploit the full diversity of the large-scale data on
which it is trained. Lastly, we produce a final colorization by taking the annealed-
mean of the distribution. The end result is colorizations that are more vibrant
and perceptually realistic than those of previous approaches.

Evaluating synthesized images is notoriously di�cult [4]. Since our ultimate
goal is to make results that are compelling to a human observer, we introduce
a novel way of evaluating colorization results, directly testing their perceptual
realism. We set up a “colorization Turing test,” in which we show participants
real and synthesized colors for an image, and ask them to identify the fake.
In this quite di�cult paradigm, we are able to fool participants on 32% of the
instances (ground truth colorizations would achieve 50% on this metric), signif-
icantly higher than prior work [2]. This test demonstrates that in many cases,

2 Vondrick, Shrivastava, Fathi, Guadarrama, Murphy

Input Frame

Target Colors

Reference Frame

Reference Colors

Pointer

Copy

Fig. 1. Self-supervised Tracking: We capitalize on large amounts of unlabeled video
to learn a self-supervised model for tracking. The model learns to predict the target
colors for a gray-scale input frame by pointing to a colorful reference frame, and copying
the color channels. Although we train without ground-truth labels, experiments and
visualizations suggest that tracking emerges automatically in this model.

suggests that the colorization model is more robust than optical flow for many
natural complexities, such as dynamic backgrounds, fast motion, and occlusions.

A key feature of our model is that we do not require any labeled data during
training. Our hypothesis, which our experiments support, is that learning to
colorize video will cause a tracker to internally emerge, which we can directly
apply to downstream tracking tasks without additional training nor fine-tuning.
Moreover, we found that the failures from our tracker are often correlated with
failures to colorize the video, which suggests that further improving our video
colorization model can advance progress in self-supervised tracking.

The main contribution of this paper is to show that learning to colorize video
causes tracking to emerge. The remainder of this paper describes this contribu-
tion in detail. In section 2, we first review related work in self-supervised learning
and tracking. In section 3, we present our approach to use video colorization as a
supervisory signal for learning to track. By equipping the model with a pointing
mechanism into a reference frame, we learn an explicit representation that we
can use for new tracking tasks without further training. In section 4, we show
several experiments to analyze our method. Since annotating videos is expensive
and tracking has many applications in robotics and graphics, we believe learning
to track with self-supervision can have a large impact.

2 Related Work

Self-supervised Learning: Our paper builds upon a growing body of work
to train visual models without human supervision. A common approach is to

Vondrick C, Shrivastava A, Fathi A, Guadarrama S, Murphy K. 
Tracking emerges by colorizing videos. InProceedings of the 
European Conference on Computer Vision (ECCV) 2018 (pp. 
391-408).

Larsson G, Maire M, Shakhnarovich G. Learning representations 
for automatic colorization. InEuropean Conference on Computer 
Vision 2016 Oct 8 (pp. 577-593). Springer, Cham.
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Abstract

We present an unsupervised visual feature learning algo-
rithm driven by context-based pixel prediction. By analogy
with auto-encoders, we propose Context Encoders – a con-
volutional neural network trained to generate the contents
of an arbitrary image region conditioned on its surround-
ings. In order to succeed at this task, context encoders
need to both understand the content of the entire image,
as well as produce a plausible hypothesis for the missing
part(s). When training context encoders, we have experi-
mented with both a standard pixel-wise reconstruction loss,
as well as a reconstruction plus an adversarial loss. The
latter produces much sharper results because it can better
handle multiple modes in the output. We found that a con-
text encoder learns a representation that captures not just
appearance but also the semantics of visual structures. We
quantitatively demonstrate the effectiveness of our learned
features for CNN pre-training on classification, detection,
and segmentation tasks. Furthermore, context encoders can
be used for semantic inpainting tasks, either stand-alone or
as initialization for non-parametric methods.

1. Introduction
Our visual world is very diverse, yet highly structured,

and humans have an uncanny ability to make sense of this
structure. In this work, we explore whether state-of-the-art
computer vision algorithms can do the same. Consider the
image shown in Figure 1a. Although the center part of the
image is missing, most of us can easily imagine its content
from the surrounding pixels, without having ever seen that
exact scene. Some of us can even draw it, as shown on Fig-
ure 1b. This ability comes from the fact that natural images,
despite their diversity, are highly structured (e.g. the regular
pattern of windows on the facade). We humans are able to
understand this structure and make visual predictions even
when seeing only parts of the scene. In this paper, we show

The code, trained models and more inpainting results are available at
the author’s project website.

(a) Input context (b) Human artist

(c) Context Encoder
(L2 loss)

(d) Context Encoder
(L2 + Adversarial loss)

Figure 1: Qualitative illustration of the task. Given an im-
age with a missing region (a), a human artist has no trouble
inpainting it (b). Automatic inpainting using our context
encoder trained with L2 reconstruction loss is shown in (c),
and using both L2 and adversarial losses in (d).

that it is possible to learn and predict this structure using
convolutional neural networks (CNNs), a class of models
that have recently shown success across a variety of image
understanding tasks.

Given an image with a missing region (e.g., Fig. 1a), we
train a convolutional neural network to regress to the miss-
ing pixel values (Fig. 1d). We call our model context en-
coder, as it consists of an encoder capturing the context of
an image into a compact latent feature representation and a
decoder which uses that representation to produce the miss-
ing image content. The context encoder is closely related to
autoencoders [3, 20], as it shares a similar encoder-decoder
architecture. Autoencoders take an input image and try
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(a) (b) (c)

Fig. 1: Learning image representations by solving Jigsaw puzzles. (a) The image
from which the tiles (marked with green lines) are extracted. (b) A puzzle ob-
tained by shu✏ing the tiles. Some tiles might be directly identifiable as object
parts, but others are ambiguous (e.g., have similar patterns) and their identi-
fication is much more reliable when all tiles are jointly evaluated. In contrast,
with reference to (c), determining the relative position between the central tile
and the top two tiles from the left can be very challenging [10].

While it is true that biological agents typically make use of multiple images and
also integrate additional sensory information, such as ego-motion, it is also true
that single snapshots may carry more information than we have been able to ex-
tract so far. This work shows that this is indeed the case. We introduce a novel
self-supervised task, the Jigsaw puzzle reassembly problem (see Fig. 1), which
builds features that yield high performance when transferred to detection and
classification tasks.

We argue that solving Jigsaw puzzles can be used to teach a system that
an object is made of parts and what these parts are. The association of each
separate puzzle tile to a precise object part might be ambiguous. However, when
all the tiles are observed, the ambiguities might be eliminated more easily be-
cause the tile placement is mutually exclusive. This argument is supported by
our experimental validation. Training a Jigsaw puzzle solver takes about 2.5
days compared to 4 weeks of [10]. Also, there is no need to handle chromatic
aberration or to build robustness to pixelation. Moreover, the features are highly
transferrable to detection and classification and yield the highest performance
to date for an unsupervised method.

2 Related work

This work falls in the area of representation/feature learning, which is an unsu-
pervised learning problem [3]. Representation learning is concerned with building
intermediate representations of data useful to solve machine learning tasks. It
also involves transfer learning [41], as one applies and repurposes features that
have been learned by solving the Jigsaw puzzle to other tasks such as object
classification and detection. In our experiments we do so via the pre-training +

Doersch C, Gupta A, Efros AA. Unsupervised visual 
representation learning by context prediction. InProceedings 
of the IEEE International Conference on Computer Vision 2015 
(pp. 1422-1430).

Unsupervised Visual Representation Learning by Context Prediction
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1 School of Computer Science 2 Dept. of Electrical Engineering and Computer Science

Carnegie Mellon University University of California, Berkeley

Abstract

This work explores the use of spatial context as a source

of free and plentiful supervisory signal for training a rich

visual representation. Given only a large, unlabeled image

collection, we extract random pairs of patches from each

image and train a convolutional neural net to predict the po-

sition of the second patch relative to the first. We argue that

doing well on this task requires the model to learn to recog-

nize objects and their parts. We demonstrate that the fea-

ture representation learned using this within-image context

indeed captures visual similarity across images. For exam-

ple, this representation allows us to perform unsupervised

visual discovery of objects like cats, people, and even birds

from the Pascal VOC 2011 detection dataset. Furthermore,

we show that the learned ConvNet can be used in the R-

CNN framework [19] and provides a significant boost over

a randomly-initialized ConvNet, resulting in state-of-the-

art performance among algorithms which use only Pascal-

provided training set annotations.

1. Introduction

Recently, new computer vision methods have leveraged
large datasets of millions of labeled examples to learn rich,
high-performance visual representations [29]. Yet efforts
to scale these methods to truly Internet-scale datasets (i.e.
hundreds of billions of images) are hampered by the sheer
expense of the human annotation required. A natural way
to address this difficulty would be to employ unsupervised
learning, which aims to use data without any annotation.
Unfortunately, despite several decades of sustained effort,
unsupervised methods have not yet been shown to extract
useful information from large collections of full-sized, real
images. After all, without labels, it is not even clear what

should be represented. How can one write an objective
function to encourage a representation to capture, for ex-
ample, objects, if none of the objects are labeled?

Interestingly, in the text domain, context has proven to
be a powerful source of automatic supervisory signal for
learning representations [3, 38, 9, 37]. Given a large text
corpus, the idea is to train a model that maps each word
to a feature vector, such that it is easy to predict the words

_ _ ? ? 

Example: 

Question 1: Question 2: 

Figure 1. Our task for learning patch representations involves ran-

domly sampling a patch (blue) and then one of eight possible

neighbors (red). Can you guess the spatial configuration for the

two pairs of patches? Note that the task is much easier once you

have recognized the object!

Answerkey:Q1:BottomrightQ2:Topcenter

in the context (i.e., a few words before and/or after) given
the vector. This converts an apparently unsupervised prob-
lem (finding a good similarity metric between words) into
a “self-supervised” one: learning a function from a given
word to the words surrounding it. Here the context predic-
tion task is just a “pretext” to force the model to learn a
good word embedding, which, in turn, has been shown to
be useful in a number of real tasks, such as semantic word
similarity [37].

Our paper aims to provide a similar “self-supervised”
formulation for image data: a supervised task involving pre-
dicting the context for a patch. Our task is illustrated in Fig-
ures 1 and 2. We sample random pairs of patches in one of
eight spatial configurations, and present each pair to a ma-
chine learner, providing no information about the patches’
original position within the image. The algorithm must then
guess the position of one patch relative to the other. Our
underlying hypothesis is that doing well on this task re-
quires understanding scenes and objects, i.e. a good visual
representation for this task will need to extract objects and
their parts in order to reason about their relative spatial lo-
cation. “Objects,” after all, consist of multiple parts that
can be detected independently of one another, and which
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Abstract

We introduce a novel self-supervised learning method

based on adversarial training. Our objective is to train a

discriminator network to distinguish real images from im-

ages with synthetic artifacts, and then to extract features

from its intermediate layers that can be transferred to other

data domains and tasks. To generate images with artifacts,

we pre-train a high-capacity autoencoder and then we use

a damage and repair strategy: First, we freeze the autoen-

coder and damage the output of the encoder by randomly

dropping its entries. Second, we augment the decoder with

a repair network, and train it in an adversarial manner

against the discriminator. The repair network helps gen-

erate more realistic images by inpainting the dropped fea-

ture entries. To make the discriminator focus on the arti-

facts, we also make it predict what entries in the feature

were dropped. We demonstrate experimentally that features

learned by creating and spotting artifacts achieve state of

the art performance in several benchmarks.

1. Introduction

Recent developments in deep learning have demon-
strated impressive capabilities in learning useful features
from images [23], which could then be transferred to sev-
eral other tasks [12, 13, 35, 38]. These systems rely on
large annotated datasets, which require expensive and time-
consuming human labor. To address these issues self-

supervised learning methods have been proposed [7, 28, 32,
42, 44]. These methods learn features from images with-
out annotated data. Some introduce a pretext task through
the following strategy: one withholds some information
about the input data and then trains a network to recover
it. For example, some methods withhold image regions
[32], color [44] or both grayscale and color values [45];
others have widthheld the location of patches [7, 28], or ad-
ditional external information such as egomotion [19]. In
self-supervised learning the main challenge is to define a
pretext task that relates the most to the final applications of
the learned features.

Figure 1. A mixture of real images (green border) and images with

synthetic artifacts (red border). Is a good object representation

necessary to tell them apart?

Towards this goal, we propose to learn features by clas-
sifying images as real or with artifacts (see Figure 1). We
aim at creating image artifacts, such that a model capable
of spotting them would require an accurate representation
of objects and thus build features that could transfer well to
tasks such as object classification, detection and segmenta-
tion. A first approach to create artifacts is to use inpainting
algorithms [2, 6]. Besides being computationally inefficient
on large inpainting regions, these methods are unsuitable for
training because they may introduce low-level statistics that
a neural network could easily learn to detect. This could
limit what the network learns about objects. Therefore, in-
stead of editing images at the pixel level, we tamper with
their feature representation and create corrupt images so
that the texture artifacts are locally unnoticeable, but glob-
ally incorrect, as illustrated in Figure 1.

To generate artifacts we first train an autoencoder to re-
produce images. Then, we randomly drop entries from the
encoded feature (at the bottleneck) so that some informa-
tion about the input image is lost. We then add a repair

neural network to the decoder to help it render a realistic
image. The repair network inpaints the feature representa-
tions at every layer of the decoder, but its limited capacity
does not allow it to fully recover the missing information.
In this way we obtain an image with artifacts that cannot
be detected through local analysis. We then train a discrim-
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Fig. 2: Schematic representation of the architecture of PrivacyNet for deriving perturbations to obfuscate three attribute
classifiers, gender, age, and race, while allowing biometric face matchers to perform well. (A) Different components of the
PrivacyNet: generator, source discriminator, attribute classifier, and auxiliary face matcher. (B) Cycle-consistency constraint
applied to the generator by transforming an input face image to a target label and reconstructing the original version.

the synthesized version according to the modified attribute
vector X 0 = G(X,Vt) :

LG,m = EX,Vt

⇥
kRM(X)�RM(G(X,Vt))k22

⇤
. (7)

Lastly, a reconstruction loss term is used to form a cycle-
consistent GAN that is able to reconstruct the original face
image X from its modified face image X 0 = G(X,Vt):

LG,rec = EX,V0,Vt [kX �G(G(X,Vt),V0)k1] . (8)

Note that the distance term in Eq. 8 is computed as
the pixel-wise L1 norm between the original and modified
image, which empirically results in less blurry images com-
pared to employing a L2 norm as the distance measure [57].

3.3 Neural Network Architecture of PrivacyNet
The composition of the different neural networks used in
PrivacyNet, generator G, real vs. fake classifier Dsrc, at-
tribute classifier Dattr , and face matcher RM is described
in Fig. 3. The generator and the discriminator architectures
were adapted from [58] and [59], respectively.

Generator. The generator G receives as input an RGB
face image X of size 224 ⇥ 224 ⇥ 3 along with the target
labels Vt concatenated as extra channels. The first two
convolutional layers, with stride 2, reduce the size of the
input image to a to 32 ⇥ 32 with 128 channels. The con-
volutional layers are followed by instance normalization
layers (InstanceNorm) [62]. The layer activations are com-
puted by applying the non-linear ReLU activation function
to the InstanceNorm outputs. Then, 6 residual blocks [63]
are applied, followed by two transposed convolution for
upsampling the image size to 224⇥ 224. Finally, the output
image X 0 is constructed by a 1 ⇥ 1 convolution layer and
the hyperbolic tangent (Tanh) activation function, which
returns pixels in the range (�1, 1) (the input image pixels
are also scaled to be in range [�1, 1]).

Discriminator and Attribute Classifier. The discrimina-
tor, as shown in Fig. 3, combines the source discriminator

Dsrc and the attribute classifier Dattr into one network
where all the layers except the last convolution layer are
shared among the two tasks. All the shared convolution
layers are followed by a Leaky ReLU non-linear activation
with a small negative slope of ↵ = 0.01. In the last layer,
separate convolutional layers are used for the two tasks,
where Dsrc returns a scalar score for computing the loss
according to Wasserstein GAN [64], and the Dattr returns a
vector of probabilities for each attribute class.

Face Matcher. Lastly, the auxiliary face matcher is
adapted from the publicly available pre-trained VGG-Face
CNN model that receives input face images of size 224 ⇥
224⇥3 and computes their face descriptors of size 2622 [65].

3.4 Datasets
We have used five datasets in this study: CelebA [66],
MORPH [67], MUCT [68], RaFD [69], and UTK-face [70]. Ta-
ble 1 shows the number of examples in each dataset, includ-
ing the number of examples for each face attribute. Since the
race label distribution in CelebA is heavily skewed towards
Caucasians, whereas MORPH is heavily skewed towards
persons with African ancestry, we combined CelebA and
MORPH for training. Both the CelebA and MORPH datasets
are split into training and evaluation sets in a subject-
disjoint manner. The two training subsets from CelebA
and MORPH are merged to train the PrivacyNet model
with a relatively balanced race distribution. The other three
datasets, MUCT, RaFD, and UTK-face are used only for
evaluation. While all five datasets provide provide binary
attribute gender labels 2, each dataset lacks the ground-truth
labels for at least one of the other attributes, age or race.

Gender Attribute: All the five datasets considered in this
study provide ground-truth labels for the gender attribute.

2. In this paper we treat gender as a binary attribute with
two labels, male and female; however, it must be noted that so-
cietal and personal interpretation of gender can result in many
more classes. Facebook, for example, suggests over 58 gen-
der classes: https://abcnews.go.com/blogs/headlines/2014/02/heres-
a-list-of-58-gender-options-for-facebook-users/.

2

Gender

Age

Race

PrivacyNet

M:

G:

A:

R:

M:
G:
A:
R:

M:
G:
A:
R:

M:
G:
A:
R:

M:
G:
A:
R:

M:
G:
A:
R:

M:
G:
A:
R:

M:
G:
A:
R:

Original image

Gender

Age

Race

M:

G:

A:

R:

M:
G:
A:
R:

M:
G:
A:
R:

M:
G:
A:
R:

M:
G:
A:
R:

M:
G:
A:
R:

M:
G:
A:
R:

M:
G:
A:
R:

Original image

PrivacyNet: 
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Fig. 1: Illustration of the overall objective of this work:
transforming an input face image across three orthogonal
axes for imparting multi-attribute privacy selectively while
retaining recognition utility. The abbreviated letters are M:
Matching, G: Gender, A: Age, and R: Race.

for predicting the gender from face images has resulted in
models with almost perfect prediction accuracy [28], [30],
[31], [32], [33]. Methods for estimating the apparent age from
face images are similarly well studied, and current-state of
the art methods can predict the apparent age of a person
with a prediction error below three years on average [26],
[27], [34], [35].

While tremendous progress has been made towards the
automatic extraction of personal attributes of face images,
the development of methods and techniques for imparting
soft biometric privacy is still a relatively recent area of
research. In 2014, Othman and Ross introduced the concept
of soft biometric privacy, where a face image is modified
such that the gender information is confounded while the
recognition utility of the face image is preserved [19]. The
researchers proposed a face mixing approach, where a face
image is morphed with a candidate face image from the
opposite gender. As a result, the resulting mixed face im-
age contains both male and females features such that the
gender information was fully anonymized. Sim and Zhang
then developed methods for imparting soft biometric pri-
vacy to multiple attributes based on multi-modal discrimi-
nant analysis, in which certain attributes can be selectively
suppressed while retaining others [20]. They proposed a
technique that decomposes a face image representation into
orthogonal axes corresponding to gender, age, and ethnicity,
and the identity information is left as a residual of this de-
composition. This enables transforming a face image along
one axis resulting in modifying the corresponding attribute,
while other information of the face image remains visibly
unchanged to the human eye. They also showed that their
proposed method can alter identities of face images, which
is useful for face de-identification [36], [37]. However, Sim
and Zhang’s [20] method cannot explicitly preserve the
matching performance of transformed face images, there-
fore, the biometric utility of the resulting face images is
severely diminished.

In 2013, Szegedy et al. [38] studied the vulnerability of
Deep Neural Networks (DNNs) towards adversarial pertur-
bations. Adversarial perturbations are small perturbations
added to an input image, typically imperceptible by a hu-

man observer, that can cause the DNN to misclassify images
with high confidence. In recent years, several methods for
generating such adversarial perturbations have been pro-
posed, and the development towards methods that make
DNN-based models more robust against these so-called ad-
versarial attacks remains an active area of research [39], [40],
[41], [42], [43], [44], [45]. The vulnerability to adversarial
attacks raises several security concerns for the use of ma-
chine learning systems in computer vision applications [18],
[39], [46], [47]. Recently, Rozsa et al. [48] investigated the
robustness of machine learning applications for predicting
the soft-biometric attributes from face images against adver-
sarial attacks. Based on the concept of adding adversarial
perturbations to an input image, Mirjalili and Ross [11]
investigated the possibility of generating adversarial pertur-
bations for imparting soft-biometric privacy to face images.
This scheme was further extended by Chhabera et al. [21]
to conceal multiple face attributes simultaneously. While
these perturbation-based methods are shown to successfully
derive adversarial examples based on a specific attribute
classifier, the perturbed output images are not generalizable
across unseen attribute classifiers. For a real-world privacy
application, generalizability of adversarial examples to un-
seen attribute classifiers is critical [25].

Recently, methods have been developed that impart
privacy through the design and use of specific face repre-
sentation vectors, which have been derived from the original
face images without including the sensitive information that
is to be concealed [49], [50], [51], [52]. For instance, the
SensitiveNet [51] model generates agnostic face represen-
tations for biometric recognition such that gender and race
information are removed from these representations [53].
However, storing face representation vectors may not be
desirable in many applications since these vectors are nei-
ther interpretable by humans nor compatible with existing
biometric software. In this work, we develop a generally
applicable method that applies perturbations to the face
images directly instead of deriving representations.

In previous work [23], we developed a deep learning-
based model to generate perturbed examples for obfuscat-
ing gender information in face images. The neural network
was coined Semi-Adversarial Network (SAN) and is com-
posed of a convolutional autoencoder for synthesizing face
images such that the gender information in the synthesized
images is obfuscated while their matching utility is pre-
served. The SAN model is trained using an auxiliary gender
classifier and an auxiliary face matcher. After training, the
auxiliary subnetworks are discarded and the convolutional
autoencoder is used for performance evaluation on unseen
data. It was shown that this model is able to suppress
gender information as assessed by some unseen1 attribute
classifiers while the matching utility, assessed by unseen
face matchers, was retained. Moreover, the generalizability
of SAN models to fool arbitrary gender classifiers can be
further enhanced by diversifying the auxiliary classifiers
during training [25] or by combining multiple, diverse SAN
models [24].

1. In contrary to “auxiliary” classifiers, the term “unseen” indicates
that the attribute classifier (or face matcher) was not used during the
training stage.

~2018-present: 
Increasing focus on 

user privacy
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AI / DL and the "Small Data" Bottleneck

Transfer learning 
(pre-train on 

related dataset)

One- and few-shot 
learning (train on 
many tasks with 

few examples per 
class)

Human-in-
the-loop

Self-supervised 
learning (like transfer 
learning but pre-train 

on related task)

Synthetic data 
(GAN, 

autoencoder)


